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Optimal Thermal Design ( OTD) 

~-~~J,.h4'~M~~,Jl,¥.~~~-,~.%~f t'9.~,~J is a determination of the design solutions and 
· · .. A · · · , .. _ · ·· parameters of the thermal protection and control. 

' . \~ ·, : • ·- • f 

General statement of corresponding optimization problem: 

where 

... •. . . . . ,. 

~ ,__.. • ·! r,,,,.:; ·-~-. ··• : ,.- ~: ·, · . .-.~ ··$ ~.., ;:._;~~·:,~.-~ .,...., ~(• -. i l =;'ei; Jtp' l , ,,':" · 

G = { p :_ ·'/;, ( p: T { ~ , ,r, p J) "' D. , i • I, 2, Ii • , L J , 
T ( ~, 'T: I p) C: A [T ( «. I 't:, p) I p ] ; .P E RIC I 

➔ p is a vector of design parameters; 

G is a set of admissible sol~tions; 

{ t}i J: are physical and technical restrictions; 

J is a criterion function; 

T is temperature; 

'L is time; 
➔ 

. X. is a vector of spatial variables; 
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A is an operator of thermal mathematical model of system under design 
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Statements of Inverse Heat Transfer 
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M a t h e m a t i c a 1 S t a t e m e n t o f t h i s P r o b 1 e m 

Heat - c9nduction equation: 

C(T) .EL= _E_(kCT)EI J a,r Dx. ax , 
O<OC<6 

D < 'r: ~ 't'm 

Initial temperature "'distribution : 

T( ~, D) = tf(:x:.) , 0:Sx~li 

Internal temperature history: 

T(cl,7:)•f{7:), D~'l:~'lm, D<d~6 

Boundary condition: 

iff (l,;,:) = D, 
fJx 

D ~ 7: ~ 'Cm 

Heat balance equation: 

,,....,,... •.. ,·u,r. ~~--~~ 

• i C/;1: (,r:) = q, 
L-•r'tl'Y~'!I..L" .. 'fl'> ' r 1w•1 

Heat transfer coefficient: 
r ·~--71 
L~{!lJ = 

r 
'fm • • >,,,,..._ 

0 d 8 X 
I.µ~~~~ · function■ I : 

[~ ~-£:!} - ft ~: 

(!;c;~ I= T ( D :r:J 

ev,v:.>Si\J'1t-t 

t 4 
(rr:J + et5 Tw (1:) 

i~ ('i) 
TB (rt) -Tw (1:) 

X.=0 
, 
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* Example 1: 
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W h a t a r e ~ H T P f o r ? ( Three examples) 1 / 10 

1 

Diagnostics of transient heat loads acting on the heat-stressed 

structures of flight vehicles and launching facilities 

1 

Pick-up Sensing 
element 
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·'· 

0 

8 

X 

-, Thermocouples 

Heat Protection 

Re-entry vehicle 

A lay - out of the sensor of unsteady heat fluxes 
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CCT)lL =: £- (J\CT)'£r.) OL.~£( o ~ t.l.'Lm 
v7:' vX: ?)X J J -

T{x1 o) == 'f{~); o~~!=B 
) T{o/r) = ~ (1:) 

T { C/r:) = ~ {i) 
T {d1r) == f fr)-' 0 .f: 7: ~ Tm 
o~ d L- g 
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Hot 

-
Determination of Thermal Proporties of Heat - shield Materials 

1 / 14 
( and others) 

Example 2: Simulation of the required conditions of specimen heating on 
- wwww w• ••~__,...,..._ 

special test facilities (plasmatrons, jets of rocket engines and 

others) with subsequent processing of temperature measurements by 

methods of inverse problems. 

gas flow 

\c; 
L_........._ 

~ 

A specimen of the material with 

thermocouples 

( S is a material ablation layer 

at a moment 'r ) 

T,S 

Tw ,s 
I 

7i I 
.,~,~ .. ~ 

_4'; r••: _,~ 

71 

A Thermogram 
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' X 

p 1 a t e w i t h p h a s e m o b i 1 e b o u n d a r i e s 
~, 

t r a n s i t i o n : Of o.>-0 \otUf\ 
1 , 2 the first and the second layers; 

3 - boundary of phase transition; 

4 - the line of contact between layers; 

a, b - two phase states of material of the first layer 
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M a t h e m a t i c a l 

-
F o r m u l a t i o n 1 / 26 

- 'I 

{ w' a T • a {-t.. a i + p. ' + s · , ' I v-AJ~M 
'x._v <Y' C-

1 
= - t< • ax 3 fJ:x. 3. j = I, 2, 3 i 

' "J a-r Bx I ~ A • • J.~,,,, ,1;,_t\,M 
~ 

~
"' ., . ' . ··, . · ,. ' . O;\-. . ' . . -f ' . ~ •t'' .. ... i:.,J, . . . . ~ -•• · ' ,I · ., ' '' •t • • '"' •.. ' · ;•. 1 -. , • r'j: ~~ 't t. k .}-. c o n •·j u ·•o ~·~t ,.,i _: o ·•~ ,i'.; c ,.'.c, ,- ri ;': ~ _.,:/ ~ i:~? t, n s : Sw'I¥~ 

( ) ( ) aT1 j '- aT2 / _ ~ 811, T, 11. ( 'C) - 0' '1: = T 2 11 ( 't' J + 0, 7: , ~ J fJ X - H 2 ox _, -c. J f),e 
x=71c-r)-D X=,Z('t')+O \..._/ 

. ar. I , 
T2 (62(1:)-0, 't) = T3 (62<-r:)+o,-r:)-~ fi2 c-r:)-0 '\f Jl~ 

0 T2 / BT3 I u v~~t,~ j,..,,_~ '-" ~ ~ \ L k - = k ---- €S l ':J\ v-: VV\~\i'l 
2 {jx, X = g2 {1: )-0 3 0:X. X= &2 £1:) + 0 '{ 'p..t,~..v---, 

. ~~1 . 
( I n i t i a · 1 ·· c o n d 'i .. t i · <>'"n s I : 

Tj ( ~ 1 0) = ~ i ( X ) , j = J, 2 I .3 

J=i: 81 (0)~~ ~ 17.{0); j=~: 17(0)~~~ B2 (D); i=3: l!i 2{o)~.x~ !J3 (0} 
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* Volumetric heat capacities 

* Thermal conductivity 

* Convection coefficients 

* Sources S· a 
* Movement of boundaries 

phase transfer front 11, 

p. 
a 

C· 
J 

* Volumetric heat of phase · transfer ~ 

* Thermal contact resistance R 

* Initial temperatures ~ j { ~) 

* Boundary temperatures 

* Heat fluxes 

t· J 

* Heat transfer coefficients 

* Environmental temperatures 

* Absorptivity 

* Emissivities 

* Surface heat sources 

II 

and of 
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( C O N T I N U A T I O N ) 

IA d di ti on a 1 condition sl: 
T( di ,re:) = f i (,r:), 

di = const i 

i = 

0~ 

I, N, di € D1 U D 2 U D3 

d . = d# (re:) 
t t. 

K i n d s 0 f I H C P ; 

------ -----•-m---~ ..... __.____,_,,..,. __ 
1 . 

... , o_ , . ;,, ? 
. ~'"eA-~ °"\t""'-"' { ~ ( ) } -Retrospective Heat Conduction Problem : ~ -f. X , = 1 2 3 - · 

tJ J , I 

_) 
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2 . Boundary I H C p : { f j<'r-J, i /'l') I Tr ('L), A/T WJ ,-r:>, e/T"'I. ,'C ), fi{T~ ·1.;3 
3. Coefficient I H C P : 

{ C /x ,'L, Tj<:r:-r )) , k/:x :r:, "ft (x,-r:))' qr .x, '1: I 1) (:x,'I:)), S;, (x,'C, 71 (oe :r: ))1:1,2,/ ? 
4 . Geometric I H C P : { !Ji ('C), 17, (1:) J '•J 

2 
.3 =? 

'1 ' , _, 

~ ..-E:-- 5 . Combined I H C P 

CN' 
rn~ 
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Inverse Convective Heat Transfer Problems II 1 / 30 
1 

y 
' 

Uoo I L Uo To 
r --~ I--- ·---~, 

" 1-. . -- ~ 
,......... . ,.. 
-·-- - =-·· 
i---•• --· ►· 

;.-• ~ . -:r-., L , 
•.>T•• :r,,n:, 

////////////r///////////, 
I 

Tw 

1 . R e c o n s t r u c t i o n of T ( 'J) 

2 • E s t i m a t i o n 0 f t u r b u 1 e n t 

V i S C O S i t y µT and 

t h e r m a 1 c o n d u c t i v i t y *T 
3 • D e t e r m i n a t i o n 0 f c a t a 1 y t i c 

a C t i V i t y 0 f a s o 1 i d w a 1 1 
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An 
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., . . 
R ·a d · i at~~ on 

• • ~ • I .t • . . . . 

Inverse 

infrared 

test 

---
Radiation Heat Transfer Problems 1 / 31 

1 . D i s c r e t e f o r m 
.. ..., __ - --.. ----~--.1 - _____ ... - .. - - ------- ~ ---

Heat balance equations: 

2 

simulator: 

object 

/m~ 
!JC ~JiL, lfd;-J,,Ai-j=<Jt, i=i,m, ,=1 k= I 

w h e r e ffdi-ik 

A i-j 

[ii 

is a local angular 

coefficient, 

is an absorptivity, 

is a known heat flow) 

radiative heaters 

i ·n t - e n :' s · i t i e ;: s ···~)· _':~~~~ f 
- ..-: f • "i 1,,,• • "· {: .. 

...mo d·ti 1 e · s ·J. - .:? -
. . . . ' . 1 j. . . )_ . . •' t1 :· ~-

.-· 
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Inverse Radiation Heat Transfer Problems 1 / 32 

2.Continuous form -----~------. ..... "~-~~~--

'M 

A closed system of bodies: 

1 - diffusively radiating surface F 

2,3 - normals to the surface at points 

M and N , respectively 

heater . . L T ( W) 

?rI ) cos a"' cos eN 
E sJf ( N gc "l 2. d FN = E in ( M) , 

F MN 
/vfEF 

Temperature fild: 

{ ' r~-, ]}'/4 T(N) = 6 E. ~ f -(1-A)Ein , NE F, 
- t.v"'I CM.tw1t1 s:-~2.,..-

w h e r e E eJJ , e in are half-sperical densities 

. , 

of effective and incident radiation 

respectively 

Temperature distribution on 

body surfaces T ( M) -

( T(f1), 'l,tes(M) are given distributions) 

sh.L.h~ ~ l.i~v- pvu~ 
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Inverse Combined Heat Transfer Problems 1 / 33 

1. Inverse problem of beat transfer in engineering systems - ~----~-~~-~-----~----------~-------------------------------· 

A system 

( the heat 

arbitrary 

of bodies 

fluxes are 

Heat balance equations : J.. , j 

r,;,ddli = t e.~l(T1 -1j )+ ~ f_)6;~1(,/-1:t4) +ft{l/1 

~ 't' · J s I ~r,f:-/i o 1=Jf1~ 41 • ;,i .... , 1, 

T.e l O) = T O , ,t = J, n , 0 < '1: t::: 'l: m 
~!.~.d1~:mea'31.µr.~~-t•) : 

T.e (1:) = f.e {,c), i= 1, 1< , 1< ~ n 

• ..~ 1 ,. h,,.,.i~l'a:. ~i i1fl.!Ji~~ 
', fP,. ~ e"'!'e-1>..~~ .~il,J;IS.,fj ~! . ,,,, ' ~ . \ 

*' C£ is a heat capacity of node ,L_ 

c~ * LIP..R.i 

c~v-
o~ ~µ_. 

is a conductive and convective heat 

exchange coefficient between 

nodes;£ 
. 

and J 

shown by arrows) 
* B.e. 

I 
is a radiative heat exchange 

coefficient between nodes l, and j 
* Gp is a heat input from space to node 

and inter-nal generated heat power 

within :aode f 
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2. Inverse problem of conductive-radiative heat transfer 1 / 34 

!d] ~~ = d l v (b·, ~tac( T) - div i 1- , 

CO ,,... ~ --- '3 h, [.WV\ 1, yr,LJfzvf-' 

Cft = f j 1 I~ df d>J, F ei~y 
0 _,, 

lg'tad. I~=(K~+)>J)[-I~(l,P)+{I-Sc,.,J B~{p)+ 

A semi - transparent body S. ,~ \).,s~ + !cv f I,v(l,P)B~(l,l')dGU -
~ -- 1t ~!Jr 
(\~\\--~equation of radiation transport , 

w h e r e : 
\ · }J u:P :-""" ., 

~' ~, ~ ~-e,,~m .. q, ,y_ 

1 
is a radiation energy fl'ew_ vector; I y is a radiation spectral intensity; 

is a single direction vector of radiation propagation in point p . , 

K~,j,~ are coefficients of absorption an~ dispersion of radiation with the 

B,J 
8~ 

frequency ~ ; Sc ,v = fa,y / ( K ,v + j,~) is a Schuster number; 

is a spectral radiation intensity of the absolutely black body; 

is a indicatrisse of dispersion; a) is a solid angle 

Input data: temperature measurements in the body 

Ctr.), .and 'k ( T) . . are unknown coefficients I 
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3. Inverse problem of conductive - convective heat transfer 1 / 35 

Thgr,.~coupts, 

--~ 

- ---,.,._ ------ .. . .. ~= ,. 
~ . . . . ...... ·-· . 

.... .--•g,.., I , • •• ~ • .. • Ill .. • • .. .: • 

. ~ ;:; ~~-:: ~"(xi:cl .. : 
'•• • ··~ nz:::::ttl 
. -... . , _____ _ 

Energy equations for solid (s) and gaseous (g) phases: 

C aTs = _E_ ~ aT5 ) _ [+tJ ( T. _ ·7, ·--\--.___ p~54 f-y 
s a,r a:x l~ fJX l Yp s g I, -

i(r) __ __ •.:: ::•.:, . pz1'(1l ,: ..... ~ \·/ , ... , ◄ 
( )E.Tu a ('k E!a.) ( c) E.Ii tlwt ) pCPBrr=ax liJ:x. -puPgax+ptTs-T9, 

:-{' ::.~;~·-: · • I• ~, ., 
•• •• I I ·-:-:\ti 'o'- I ••• • ..,\•1 · : -........ 
•• ~· ! ..... , , .. ......... 
t -r• . ., •••••• 
:~ '""'Jl • • I ....... 

• • I •• u •• • -• '~" :.._ : ... 
--in-. 

--·~ ... ~ • 
xe(a,6), 7:f {O,~m]; 

Xnitial conditions: 
[J± 

X 
0 

A. porous cooling . :· 
Ts { x, D} = ~ s { x) , Ta ( x, o) = ~ g ( x ) , 

Boundary conditions: 

- k BT. (0,-r) C .-II'\ 

s fJ:x 

1 are temperature -

sensitive elements ~ BTs (B,1: J.:. IL\ rT. (t,x)-Ti ] 
- ----~ s , go , Bx 

. . a2Tg(~,'l:')_ . 
(pu-Cp)

9 
T6 (B,,r)={pvCp)g T60 + lt 0 [T5 (&,rr:)-1j 0 ], ox.2. - D ~ 

Darcy modified law: - ~;_ = "'(µ v-)'J +} (pv-); ; 

Equation of state for gas : Pg = fi Mi / 8314T'J 

c,:;l, U-A.-l. 
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( C O N T I N U A T I O N ) 

w h e r e 

Cp is a specific heat capacity at constant pressure; 

1r 

p 
is velocity; 

is density; 

p 

µ 
is body porosity; 

is viscosity; /\1 
o(..,) are hydraulic coefficients; 

p is pressure; 

is ··a molecular weight; 

Tg
0 

is an initial temperature of the insufflated gas 

[Me a au r · e men t data}: 

1 / 36 

Tsfdi,7:)=fi('T:), •i-e[D,'l:m], i=l,N, N~J, o~d1<d2< ... <dN~ri 

:, /: .. ;,~;i\ r -4' •1• .: ••'. ~"•!.?•.' ! • 
:f· ',.,u:,•J1•i -k-•• n . 0 W D . I ·c, 

• \. I • , • •x-· 1,:'. \f' t 

a ,u -··s ·a 1 ''•· ·-a :·b a r a c t e r t ··s t l •1i -' c ,a:r .· · 

heat fluxes CJ, ('t'), 

thermal conductivity ks (Ts), 

inner heat transfer coefficiients 11y of the porous body, 

heat transfer coefficients -ho at a coolant inlet into a porous body 



IV. 
Practical Applications of Inverse Heat 

Trans£ er Methods 
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* N 0 

~~J' 
1/,(r) 

a). 

Schemes of 

---
A p p 1 i c a t i o n 0 f I H T P m e t h o d s 1 / 4 0 

A T I O N A R Y H E A T D I A G N O S T I C S ------- -
principles of onedimension~l heat measuring' u------.:..... v 

' _,:•: JT( 'C)2anst -
'l<:9 ~X \ f_{T:) 1o,=z;t,£&Jl(1'!!1ffl X 

~ 8). c). ,- -
one'="dimensional sensors of heat f _!...u,x-e s ---- heat-insulated boundaries ( the 

--~ ---are arbitrary outlin-;d - liy shad±ng r t=dzr .. 1 

The determination of. functions and 

conditions ( ft , R 1 A , C 

inverse problem. 

) can 

E x a m p 1 e : ____ _.. ......... _..._ .. __ , 

parameters 

usually be 

included 

reduced 

in 

to 

heat transfer coefficient 

/i(rr:) = CJ,w {'t') /[ T*{1:) - Tw (re)], 

the 

a 

boundary 

boundary 

11.('C:) ? 

w h e r e T* characteristic (recovery) temperature of gas ( liquid); 

T. -- body surface temperature; w 

4 
CJ,w (1::) = {ft ('t) + ed T w ('!:) ( Cy (7:) and Tw (1::} are from I H c P ) 
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One-dimensional Statements of IHCP 1/41 

'f(T} r 

0 X o.,__ ___ ___,, 

Semi - infinite Solid 

q,(r} 

" 
_,,.•' 

.,,.-·.,_.... . ~~ ... 

,/ 
~l/2(r} 

~ 

Hollow cylinders and spheres 

Slab Solid cylinders and spheres 

Specimen with wall of variable thickness 

~ o o - points of temperature measurements 
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h,,e' 

f 

Appl: Comparative testing technique 1/42 

'1(r1 
ha, e.!J. 

Unknown values: 

- a local coefficient of heat transfer ft-(Tw/r*) 
- an integral coefficient of ~he surface 

radiation (emissivity) 1~JTw· )' 

If 'h, 1 (1:) == 'h2 {7:}c 'h{'C), 'CE [0,17:m], 
CB!.vvv~ c.ou.,,h~ 

and }_ c 1 ( 1:') ~ t 2 ( 't) = l ( ~) ) "C E { 0, 1;' m ] , 

The scheme of a sensor 
with two sensitive 
elements 1 and 2 

a heat balance equations are 

h(T
11-Tw,) = e.sT~1 + CJ, 1 , 

(i) 
1t (T*-Tw

2
) = c6T.,:

2 
+ i 2 , 'l:€ [ D,'l:m] 

Tw
1
l'i:), Tw

2 
('C'), 9'1.C'C} 

1 
(Jt 2 {'1:} are obtained the solution of IHCP 

Afterwards 1t ( 't' ) 
1 

C { "C ) are obtained from (i) for each moment 't' 

{ ft c1:), c('l'} J ~ { 11 ( T w Ir*), c(Tw)} 

o-.-~ ~r, Cb-.- ~~--el~ --r\f ~ ~ . ~t-'\..zyc-J~ . 
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Appl: The diagnostics of spatial-time boundary 
conditions of heat transfer 

•,,, 'I{$, T) ~~> 

S-is a surface point 

Descrete one-dimensional 
sensors (1) for reconstruction 
of the spatial-time distribution 
of heat fluxes 

0 .-. V 

A two-dimentional sensor 
of heat fluxes: 
1 - thermocouples 

1/43 

)(\. 

, '\ .., I 
.1 . 

r 

l 

caT =_E__f'kaT)+-L(kBT)+ o't ax l"i ox B1J oy ti 
t(x~ - - ~ ~ 

I 

t 
i 

V 'j 

' . ' ' 
htat - l&aded 

i 
I 

V 

~ 
j, 

1 

' 
.-;• 

-- ~ 
~ / 

:: -v 

bis a thickness of plate, 

T(:r,~,'C)is the measured temperature field, 

CJ(~,'J,'r}is an unknown value 



,_ 
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\fr1 

,, 

gas 

'---' 

Appl: 

THE RECONSTRUCTION OF :, TEMPERATURE. FIELDS 

temperature measurements: { Ti ( 't') J '; 

Example of a structure 

THE ·STUDY OF NON-STATIONARY HEAT TRANSFER 

ll(r) T(T) 

The study of thermo-strength of 
materials and structures 

1/45 

( 11. qui· d) .-,--- -'""""'-'-.. ........ . ·. -- ~ - ·--•--··-·-· ·1 

solid 

q(r, Tw, dTw/dr} 
1\ 
• Tw(T) 

joint problem of heat-and 
mass transfer 
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Hot gas 

"'· '· -
Appl: The study of porous cooling, heating and destruction of 

materials 

hermocouple 

Char 
layer 

zone 

~IV 

X 

Porous cooling thermocouples 

Heat protection (char-forming) material 

0 

where 

q,w = ~'t'l + l/, + fJ,plt.clt. + f/. Be 

q,w is a rate of heat transfer to surface by convection and radiation 
(0 - with no account for injection), 

q,.,_"t. = ec,T 4 
w are radiative heat losses on the surface, 

q, is a net heat flux in solid at surface, 

q,ph.ch is a heat release or absorption due to physio-chemical processes, 

q, &l is a reduction of the surface heat transfer due to blowing, 

me is a surface rate of ablation; 

1'l1.p is a rate of depolymerization of the virgin material 

1/44 

X(r) 
/ Tw 
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~ 

'*' 

._, 

Appl: 

IDENTIFICATION O~ HEAT TRANSFER PROCESSES 

Identification and correction of mathematical models of 
engineering systems: 

* integral factors of absorption A and 
hemispherical emittance e of the outer surface: 

• coefficients for conduction and/ or convection 
between the selected elements of the module; 
and so on 

PROPERTIES 

* determination of thermophysical properties and kinetic characteristics 
of heat-shield materials: 

* determination of temperature dependence of heat conduction 
coefficient of a cooling ingot during steel tempering; 

* determination of properties of freezing-and-melting soils; 

and so on 

1/46 
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... 

Appl: 

~_.&'(". :"/ J ... ,-.:-!!f'4'"' ir, ,· ~'14111 
Jr,,"IL · . \..-t, ' , !~ -,i \ .... ,,,-~ ... --.,.-- ' ~ - .. ~ , ... , 

·-•:r,.'!-; 

• Rivetted and bolted joints 

l~~f!-/1 , .J• • • 1"4 ... -1 · ,-

'/,"//,,//., . . I ~,,•~ •;~ 
~"-' .-, • . • !~ b 
?I. ·,: . -~~~ • \~ ~ -, _ _,...,r,; .·,· 

'.·• i:_~v. ·'. 
• l -.........ill . , 
:\'\'.','1:':· .~ '\. ... ,'-"' \ 

Hinged joints 

1/47 

aghesive 
joints 

rnnmfflll mw 
1. ·.'. · .-. ~· ,- !~ ... • .• • . ~ . · . ":. .. ' ... ,,. 

Multi-layer 
thermal shilds 

EVALUATION AND MONITORING OF THE OPTIC RADIATION CHARACTERISTIES 

\J)'----- _ __:;_~:_:- # . ~ .- ~":_ · ---~-- . -~ . :· / ~ ~.;::~::~-~·1t.:-:6~~~1:~j~z 

Optic radiation properties of the spacecraft outer surface, radiators, 
solar batteries ets. 

DETERMINATION OF HEAD LOADINGS DURING FRICTION 

~--------·---- ... 

Bearing 

-·· . - -~'=·~ -:-:,. ·· ---
* heat release during friction of two solid 

surfaces; 

* heat trasfer influence in the friction zone 
on friction mechanism; 

* friction moment 
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Design of Heat Shield ( H s) 

One-dimensional thermal mathematical model 

8n ~ _8! Bz. , &~ 

-\_ l:) / ~~..,----wm"". 

for n-layers H s 

\ ;\!. , ,..,1' ~,i) ~lv-j" (I:') t·I 
(._,,,T - ,. • • • • • f ' coolant • ........... __ .-. •, 

"H ~- X 

• q.,(r)~{ 

0 x, X2 XJ Xi x,,.., X(r)Xd(o) 
Scheme O f H S 

~ . a ( ) aT) C-(T) =- 'k-(T - (x 'C') ED-a B"t' fix J ax ' ' J ' 

1/49 

,J);M 

~$ DJ= {<:x,d, :x:1_1 < x < :x:3 ; :x: 0 = 0; 0<7: ,;-rm} , / = 1, n-J; 

;(<-cn(T,4)ff=/x{~n(T,f)¾£-)+ ~ ~: +s{1("r}), {x,dE Dn, 
Dtt= f(X, 'S) ! ' 

where £ ~is a p.arameter- taking-4Dtc,account dynamic character 

of changes in the properties of material during heating 

fJT 
and destructing ( for example, f == O't ) ; 

X ('t"} is a moving boundary of a shield 
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Design of HS ( continuation 1) 

~ tial conditions: Ti(x,D)=~j(x), j=f,~; 

dary conditions: 

L. E.IJ..J ~ ( ) - D \' ~ iffn I ) •D 
Kt Ox Z•O + C/,o "C' - • "'n elx :x:aX('l:') + C/,,n l't , 

Cl,o ('r) = h [T, ( 0,'l: )- Tcoolani J ,, 
-===--

{jn {,r) = qwC Tw {rr: J ,-r: ) - e 6 T ~ {'C) - i ph .cit (Tw (~), 7:) / 
" -=--......----...----:;--:"'."""""---=-~=-=-=---~------;--=---::-:----;;;:----;-:~---.,...-------f'"""'ir-----s a heat transfer coefficient: T w ('r:) = Tn ( X ('t"), 7:'); 

~ph.ch is a heat release or absorbtion due to phisico-chemical 
processes on surface 

Conjuction conditions: 

(yJ ~-""') 
7 _,.,,_S 

{ 

_, J..9:- r .J \ 
~ , I Jr ,..'-, 

~ -~L&i 
a-

"\ 

Ti (xi - 0 /C ) = Tj+, ( x, + O, 7:) Riki 7J. =X.·-0 J 
3 

j = f? n -J 

~- BTi/ -k a7/+1 J =D 
3 OX X•~j-D J.,.l fix ::t•Xj+O , 

i = i, n -1 

1/50 
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Design of HS ( continuation 2) 1/51 

~~~own ·-· sol~~~~~,- ~ : 

{ .number of ~ lay_ei-_s; .t.YP.~S of ma,teri~.l,~; :thinknesses of layers . 8 2 ' ,. • - , B n } 

ri rio : 

where Pi 
B~ 

J 

is a 

Specific mass of HS at given point [-··--··---n----~-~ 
tm-t = ~ P· B · t 

materi.fCden;;iJJ~r t~) j ; 
-i •s thickness of a layer J at a point t. 

'Y.. of a surface 

~ ~Restrictions ~: 
) 

ma.x. 
~ : on admissible temperatures of layers 1j ( X ,1: ~ ~ ; 

~ ) on ranges of change of unknown parameters: 
- -'· 

.. ;.-;; on f
't'm nia.:,c. 

coolant heat capacity 'Jto d'C ~ Q 
0 

This problem is a combined-coefficient - geometric inverse problem 
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~ 

II 

Design of H S (continuation) 

•t .""' •,- a ~J • ;:.1.,• '? •t , • ~~ •' ' • • il~?W·:.·-O. . .. . & ;U . ,:,, .... R._ ... o .• a ;, L E M 

Determination of the thicknesses vector l~.=16;1;2 
of layers for given 
inverse problem) 

materials and number of layers (geometric 

1'
~~, 

.,._ ' ~- ... 
min m~ (!,'t. ) , -8't e G 

G = { B_,• 9i (8, T(x,1:,8))~ 0; i == Jl} , , 

T ( :x ,1:, B) = A. [T (x, 1:, l), B] ; 
➔ B € Rn-I 

This subproblem may be solved by penalty functions method in 
combination with gradient methods 

'- » ~- '· xu-·~ ;2;. 
?§) 

Determination of suitable materials and number of layers (this 
subproblem may be solved by the trial-and-error method) 

1/52 
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Design of ff S 

Smoothed curves 

'--=-' 

(continuation 4: ~~gularization of geometric 
inverse problem~ 

Values of thicknesses, obtained by 
■olvJ!ig above-stated problem 

1/53 

<. rJ';~~u 
~~ ~ I Modified I 

0~ Ii \/1) . ,., . 
,..f\(\J\J \ V 

0' \,,»J y/' l \ (jJ \ 

l~ 
M.cC&t )= {lC{; P/~, (s) ]js ¼«,fr ~lf' \s) ]2ds , di >0, i=2~n 

where S is a contour-length7:'i'rsupport (i.e., at x = 0) surface; 

fJ is a degree of derivative choosed for j-th layer 

Simplification : a o(,2. • o(,- ... oln !I c:(; ft • (J = • • • = th = 1 or 2 

Choice of per-t~ olapt; / M(ce;)- Mmin /- LlMa -mJn , 
where ·M {o(, ) = f [ ~ p • F, ~ ( S)} ds ; 

0 1=2 t. 1 
LI Ma - maximum admissible deviation of linear mass of ff S from the 

linear mass, corresponding to initial criterion 7711, 

r-

4" 



n 

V. 
General Operat(?r Form of an Inverse 
Problem and a Little on the History 

of the 
Subject Matter 
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1 
Difficulties, arising when solving inverse problems 

General formulation of an inverse problem in the form of operation 

equation is 

IA«= j, U€ U, f € Fl, ( i ) 

w h e r e u1J and *j are unknown and · observed elements respectively 

( vectors , function or vector - functions ) , 

U, F are metric spaces , 

A - is a continuous operator . 

The Hadamard conditions of well - posedness ( 1902) : 

...--~--~-~-~-~-~-----------------------------~-----~---------
J * Solution of problem (i) exists for any f € F ; 0/J6~'ve-e 

, 

• it is unique in U; 
I 

* it depends continuously on j 

~11~ 
5-h~ 

If at least one of the requirements is violated, the ( i) problem is 

called ill - · posed;. This is the very situation, which is observed in 

solving the I HT P. 

1 /17 
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A Little on the History of the subject - matter 

P r o b 1 e m R e s e a c h e r s T i m e 

* Hi•torical climate Fourier, Poisson, 
I 

19th centuary 

and heat conduction Kel~in 

of. Earth's ground I I 
r- ~~'-<"..HJ. 

layer I k~ '~J) [)J v,r k I r J IA r l' . l)S , 1)1. 

* Detemination of I Mirsepasai T.J. (kJ'f Cl r 1958 

unsteady heat fluxes I Stolz G 1960 

Beck J.V. 1962 and later 

Aldoshin G. T.' 

Golosov A.S. > 1968 and later 

Zhuk V.I. 
J 

Alifanov O.M. 1969 and later 

]o~~~.e,e;.t) 
) G)u\ 

1 / 18 
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1 
-
* Application of the I Shumakov N.V. I 1955 and later 

principle of regular 

regime for heat fluxes 

recovery 

.,, 
Pseudo - inverse heat Giedt W.H. I 1955 

conduction problem Kastelin O. N "} 

J~ 5~Jv,-
1956 

Bronsky L.N. 
~ 

.,, Heat conduction problem Stefan J. ~ ~ l- ..,,..j ,.....,-5~ 1890 

in the Cauchy genera - Tyomkin A.G. 1961 

lized formulation Burggraf O.R. 1964 
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-
'"~J II .'f\"\i..l. 

✓' CltH-'' \ 

"" r • 

--::,W _~-- -

* 

* 

* 

.. 

On mathematical methods to a solution of ill-posed inverse problems 1 / 20 

M e t h o d 

( S t a t e m e n t ) 

Conditionally 

well - posed problems 

Integral equations of 

the first kind 

Regularization 

method ( variational 

principle) 

1 te r'a, t ive r-eglf eatitaf-ioh 

R e s e r s 

Cari-n T. - ~'/'* ~\ 
'l'ikhano-v A.N. 

L•vr•ntiev M.M~ f:.~''" 
.__;,()). -0 u 

lvanov V .K. \~ 

C-"lv-~-. - -&f John F.~ ...1u ~,-, J. ~ 
~~J1~ , 

Phillips D.L. 

Twomey s. 
. (1~2. p 

fel~, 
~ ----------Tikhonov A.N. 

Lavrent1.ev .M., Ivanov V.K., 

Arsenin V. Ya., Morozov 
~ 

V .A., 

Bakushinsky A.B., Glasko V.B. 

AfLfctnov o. M. 
R1AmJA.ntsev ~.V. ~ "'-~~ 

\0A(J(\,o '\ ~, --- °2 L \ 
~ " ,., 

.... 

1926 

1943 

T i m e 

1953 and later 

1956 and later 

1955 and later 

1962 

1963 and later 

1963 and later 

1 '31 'f "" ol toiu. t-
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( C 0 N T I N u A T I 0 N ) 1 / 21 
1 

- for solving inverse Tikhonov A.N., 

heat conduction problems Glasko V.B. 1967 

Alifanov O.M. 1971 and later 

Artyukhin E.A. 

* Iterative regularization Alifanov O.M. 1974 and later 

method Artyukhin E.A. 

Rumyantsev s.v. 

Mikhailov v.v. 

Yudin V.M. 

* Quasi - inversion Latt'es R., } 
1967 

method Lions J. - L. 

* Artifical hyperbolization Alifanov O.M. 1971 

method 
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H e u r i s t i c r e q u 1 a r i z a t i o n 1 / 22 

11-------1.1....-------· -----------------------------------------11 

A p p r o a c h I R e s e a r c h e r a I T i me 

----

I 
lhlllllakov N. V. t I 1955 and later 

* Direct ,nethoda Stol• a. 1960 

Beck J.V. 1962 and later 

I 
* Trial - and - error 

Kozdoba L.A. I 1968 and later 
method -

* Linear dynamic filtration Symbiraky D.F. 1976 and later 

Matsevitiy Yu. M., 1977 and later 
-

Myltanovsky A.V. 

"------------·-- --



VI. 
Principles of Solution for Ill-posed 

Problems 



i. Corwl.i't{OYlotee~ weet - posed ~+a.lemeY/;t~ 
t. Appr-oxim,d·!On o:f --l::J,e ihVe'tse oper-C1.i-or- K

1 
B;j 

Q., famt'e~ 0-5 tOYl.tL'ttt,tOt,tS. ope 1Ct:f:Ot"S 

~A u :;:7 .f 
1. A Co/tlJt+10na e6:J well- posed rro&&m $[&f:tmtl'l,t : t. 

f' tt $oeu.-tio;,, u t M c/J) - ~8-... --1(/W'-,~ ~ t J (fr, 
'I) J ...vvc,v ~ -

2) Ct ~ of U tl·O vt LI) Uh i'q;ue rv 

3) C{ ~ oeu-t,·ol'l LS s;t-~-&e.e fo't- f == ! + l. ~ E M 

A cea55 Of We,e£--p 0 ~edness C 01ccepf:01i& soeuttohs) 

~ 1,,.,;,... 
~1 vr-_¥ sO 

~. - self- reiutet.r-i=ea,fion ..» f olLr--eet method,s ) 

- TiKhonov's re.9u.f.atvi.iat-t'orv 

~Oit,ces o.f -the ~eef C natu:tqe)-re9w.&tri~C?f1on ; 
~ a, r-ej t.dQ r--i itdio n e§e ct of h erx:bn3 
!l) 11 '1JL,SCOU S II pt:opervt"L°es of. pompuf01ft'OhCf£ 

c,,.egor-ifhmg ~ ~\~c{i 

~ ~ suVW' 



u 

2 
A ppr--ox~m0iti on s 

A :Zn ~ :Z ~ - i n-l > n = i, 2 > •• , ) N 

T(cl) 

etc. 



VII. 
Regularization of Unstable Problems 

by Tikhonov Method 



Ti'Khonov Re3<LltL,~iatL'on ~?+nod 
0tY'\' ./ 5,.~~5 

Au==f, ufV) fEF 

A-i is --1:he L·nver-se oper-aior-

If A-~ is 8oU,nol+!d ~ u == A-~-f 
f3 ut A-i is noi O g el'~t!,tory confi'nuous ( r) 

, \ , 1\'\.~/:Y-Gl,rvv-
Re.~ r/ ettr-i i i'~f orera:/;or- R ol. : « ;,, ,_ s C ~ 

t l)R. ..;;_ = (=1 d. > O · z. RoJ. i's tovrh'nuo1As t'n F-
. ) J J 

3. f< ol. A ll o.! ➔-=;; U °'- -:: • r ey,.1:,,v i z:_ i "<') p~v ' 

----



Reg lA earv~l-L'Vlj ope.rv~tor ~ 

1 . 3 60 >() > ho > 0 : ~ol.. ~s s p ec.ifL'ed. .fo"' al.;;,- O 

and Ah> .fa .· 
· .PF CJ~-f) ~ ~ =S-o cl· 1Ah A) L-- h ~ ho ) ) -u u ) 

~- 3 d = o1. CG) ~· Um tlolCG) == TL 
G~O 



A is torrtintAous) ~tfr,~ ~-v~tued and {)f_ddi+iv~ j 
.Q [IL] t'~ ,i9orowse1 convex j 

¥- f-t F 3 Uo1 E-] CQ): min cp.1.[u] = <Pc1.[1,y_] 
u ) 

Pioa.olu-ie Joi" mCY1L
0m~~:tLon of cp°" 

+ a, pr-ope/" r--oee -fo-i choos:i'~ d i$ 

OIi re. 9 u let l"L ti ri ~ od 9 o "" i.. th m .f o "l, 

arv ~et-postol pwCWn, 

o( > 0 



VIII. 
Methods and Algorithms for Solving 

Inverse Heat Transfer Problems 
Direct Semi-Analytical Methods 



) 

. 1 METHODS OF SOLVING ILL -POSED INVERSE PRoBLEMS I 

Universal methods: a priori inforaation of most 
general character 

Examples: Tikhonov's · regularization aethod; 
-------- Iterative regularization method 

Problem-oriented methods: ~eeific data on the problem 

Example: Direct methods~ 

Boundary IHCP: 

1. A boundary-value formulation. 

2. The Cauchy formulation. 

3. A variational formulation. 



BotM1olo.~~ I HCP 
ar a2 r 

- =a -- , x E (O,b), TE(O,Tm], ar ax 2 

wher-e, a = const > 0. 

T(x, O)= 'P(x), xE[O,b] 

arcb. T) _ * ~Vvu.,JY' 
-A --- -q (T), TE[O,Tm], -~ ax 

wher-e A = const > 0. 

' 
q(r) - - A aT(O, -r)/ ax. - ? 

a"(x,1'-t) 'T a"(b - x,T - t) 
J q(~) ---- d~ + f q*(~) a d~, 
0 ar ~ T 



r~teg,a,l forim of IH CP: 

Au (-r) = C sin w-r 

~ ~ s Uc,(;) K (-r-;) d; - s u (;) k (t- ;)'d~ 
0 0 



0 

App,ox l ma-biorv 

't' 

Aue Ju(~) K(-r-~) d~ = f(-r), 
0 

,:-e:(0,1'.'] 
m 

~Tn = Tn - 'l'n-1, n = 1., m 

n = l, m, 

0 



o 11 <:tttn:t -time d, e p s : L1 t' == 
' ) 

) 

m Cm+!) 1 :l 1 



) 

) 

-X 

" J. 

R~ \)}[(~ f 1 ,. l~ , r' 

~ M ~J/q\, '111 /4-

ti. '\?'h-L ,1'1::0 0 ( Y) 

~S~ ~'-¥ SVv~ -~-C 



I" 

) 

STEP REGULARIZATION PRINCIPLE 

o. 
K 

·, 
~ 

!;S:ive 
othne~~ . 

tt~1 

6 --~--:-----:::::==,=-

Kernels of the integral 
equation 

0 0,4 o.s d/8 

K 
Pteudo - il'lver-,;e pro&eem 

I q,l ~ 'f* 
. C 



) 

not reach it maxi mum at the finite 

l{ P~te, r£ ~ o.rg, 4i'tt 

A 

~ i------::::::~== 

0 ..-::-------+----
A t'c~ 

T...,/Twmax , .. , 
l ~ H~ 

1-0~---~--:-t-, ~---!-~ 

A - !JFo6 =D,17 1 
o -!JFob=0,1Z 

~, .__---~ ~~tt-i--;-~1 

if o l.s--______ ___ _. 
JO *D n 

a 

9/</max ,.,-------------, 
tt 
I 

~51-----~~~+-r-~-+-+~ 

'Iii I I 
tf i '1 ! I 

Pe~ie d:,6 t.Fn&c~=M tf tt t 
' 



) 

Two-dimenst'onae IHCP 

where u are yectors of unknown parameters; n 

f are known vectors; 
n 

A, s = O, m-1 are square matrixes; 
s 

m is a number of time intervals. 



Two -d/me-Ylslon Ol t 

X 

!I 

ar a2 r a2 r a;- =a( ax 2 + ay 2 ), xE(O,b), yE(O,d), TE(O,Tm]; 

T(x, y, O) = l/J(x, y), x E [O, b], y E [O, d]; 

OT(x, 0, T) 
- A ay = q (x, 'T ), TE [ 0, 'Tm] - IAYI Kno Wh -}w1t.:Cloh- > 

a T(x, d, T) 

ay 
arco,y, r> arch, y, r> 

- - ----=O, TE[O,Tm], ax ax 

T(x, y*, r) = f(x, r), TE [O, Tm) 0 <y* ~d 
. ., 

Inte~ ,tNl 1o~m o-f -f:ne -iv,vet'"'se pr-o Beem: 
1' b 

" f d~ f q(x',~)G(x,y•;x',O;r-~)dx'=f(x,y•,1),k,(4.1)~ 
A O O . 

TE (0, Tm ), x E (0, b ), Vo · Jll\"11", V, \'j "v-,tJ, 
e;lV ~ 

b d 

f(x,y*,r)= f(x, r)- Jdx' f l/J(x',y')G(x,y*;x',y';r-~)dy'; 
_, 0 0 

f ) Oa (x, y; x', y'; T - ~) = - I+ 2 1; cos -- cos - x 
(:\{ 1 { - rir.-c r1rx' 

L;tr1 bd r=l b b 

x exp [ - ----- ) l + 2 :E cos - cos - x 
a,2 "''2 ('T - t) } { ao r,ry r1ry' 

b
2 

r=l d d 

x exp [ -

whe-r-e. 

a r
2 

1r
2 

( T - t) } 

d2 ] .? 



) 

J 

,..,,,, ,.,,.,,,. ,-..; ,..,,,,, . ,.,,_, ,.,.,,, ,..,.,, , ... ; 
U = [u11, U21, ... , ULl; U12,.U22, ·• ·, UL2; • • • ;uim, U2m, · · ·, .. .. 

u l, n-1 + Uzn 
,_ T ,_ -
u Lm ] ' r.ue u In -

2 

. 
' 2 

ui(-rn) = u(x1, Tn) 
J 

r - [ -1'$ f* f* . f* f* f * . . f* f* [• ] T 
- 1 11' 21, ... , Ll' 12' 22•···, L2' ···, t_m' 2m•·--• Lm 

~Le5 
.. )ADC¼- . 

A1 1) 

A u=f• 
t.,,. 

A1 t = A2 2 = ... = Amm = Ao; 

A2 1 A2 2 
A21=A32= ... =Am,m-l =A,; 

A31 A32 A33 

• 
Am 1 

• 
A 2 • • • Amm ,n . , • • • • 

............................... 

Am - 1 , 1 = Am 2 = Am - 1 • 

a11a11, .•• a1L 

a2 1 02 2 .•• 0 2 L . . . 

S= O,m - I 

S' 



(: 

IX. 
Methods for Solving Linear Inverse 

Heat Conduction Problems for 
Bodies, with 

Movable Boundaries 



.,, 

) 

METHOD OF FICTITIOUS BOUNDARIES 

art Let domain Q contains another 
domain 0. Temperature T(p, ,:-) 
p E ao is known. 

Four stages of the method: 

1. Transfer from domain 1r and 

to new domains 1r and D' : 
D 

is the domain of simple form, 

2. Solve an appropriate direct problem inlr :T(-r>l 80 , ,q(-r>l 80,. 

3. Solve of IHCP in Q'- if: Tf('t') = T('t') loo, . 

4. Solve a direct problem in ir..: D' and define the unknown 

boundary conditions at 00. 

lication bodies with movable boundaries 

One-dimensional problem 

fietltiou~ &oun a.ries 

~ 1t cch,,_~-~~-~+----?'~~:-:->':----;--:-x--=-1 
Moving known 

temperatures 

2. Two-dimensional problem 

!I 
The rectangle OABC 

is domain 1r 



X. 
Numerical Solution of Nonlinear 

IHCP 



l, l~Vl :r: ffC✓P 
. rw-2----

,,,.- 1-[k(JIIP -l 
" e,\ ~ 'h, ~OLUTIO~ OF BOUNDARY riHCPs BY DIRECT NUMERICAL METHODS 

~~(; l \,) 

t~t}.v~ ar a ar 
5 C(T) - = - X(I) - ), x E (0, b), rE.(0, Tm]; a T OX OX 

T(x. 0) = cp(x), x E [0, b ]; 

T(d. r) = f (r), TE (0, Tm J; 
a T (b. T ) 

- ~ (T(b, r)) --- = q*(r), TE (0, Tm], ax 
whel-'e C(T), A(T), cp(x), /(r), q•(r) 

rt 

tt'm 

. 
' 

0 Xe-1. Xe Xe,+4 

.! + r 2. x~ 

s rn 
0 0 X 
Explicit shemes Implicit sheme 

X 

-x 

0 ::: pb ~ 
1, -;;. T: ,B})., 

Condition of weak stability of finite-difference solution of 
IHCP: 

( 5 ) 

where Ch is a positive constant, depending on parameters of 
approx i mation. 



Co ni if i 011 ~f -/:he, weat t;fo Bt'ti~ : 

. ~ tSo Qf£.wJ& 

viscosit / as a re ularizin factor 

The first differential approximation of a difference scheme: 

The implicit difference scheme possesses higher viscous 
regularizing properties then the explicit scheme: 

IA Focr= 0.01 - 0.02 l 



PRELIMINARY SMOOTHING OF THE INPUT TEMPERATURE DATA, 
It is advisable to use algorithms of smoothing whiqh give 
uniform approximation of the function and its derivatives. 
q,1<W/m2 

-

~ 

0 

0 200 _'IUD · T. S' 

t 
T 

X 
Explicit scheme 

Recovery of the beat flux by the explicit T-type scheme 
in mentioned points of re-entry vehicle: -- is a true 
solution. Error · of input data 3 o ( T) = 0.08•T , 

max 

~ Fod= 0.05; Results: ••••• is for smoothing T6 ( ~) by 

the regularization method of the second order; --- is for 
smoothing T6 (T) · by the least-squares technique (by "five 

points"), N = 103
• t: 

o 10 . 'l", s O Impticit schetne x 
of the heat flux by the implicit scheme: 

2 

b=0,002 _; a=0.4 10-6
- 0.143•10- 9 T + 0,408ol0- 12 T2

, J.!!...; 
s 

-3 kw 
l. = 0.721+0.288•10 T, mK; - is a true solution; 

••••• is the results of IHCP solution, ~T = 0.4 s 



XI. 
Artificial Hyperbolization of Heat 

Conduction Equation 



) 

6. 

Artificial 
in Solving 

~ \ 
' 

~ 
~ \'1" 

Hyperbolization of Heat Conduction Equation 
a Boundary In~ ~noblem 

X € (O, b}, -r € (0, -r l , 
m 

( 9 ) 

· where 

°'-/\/ 
a) corresponds to fictitious relaxation time 

_/ Inverse problem: it is required to find function T(x, -r) 

T(x, O} = O, 0 :S X :Sb; = o, 0 ~ x :S: d; 

min, 
a 

where T~n are temperatures, obtained from a solution of 

Fourier general heat conduction equation using a known 

if 

boundary condition 
1c 

q ( 't") and condition 
<X 

q ( '["} computed in 

in the result of IHCP solution for hyperbolic equation ( 9 ); 

0 is the known error of temperature data 
1c 

T • 



XII. 
Tikhonov Regularization Method 



REGULARIZATION OF VARIATIONAL FORMS OF IHCP 
Onedimensional problems 

General integral form of linear boundary IHCPs: 

T 

f u(~)K (T, ~)d~ -= f(-r), TE (0, Tm], 
0 

where u(L) is the unknown function (heat flux, 
of the surface, heat potential densit~1~ 

~ !51 5.0t1,0efJ 

temperature 

A-1 
C-Cln 

Au = f, u E U, f E F ~ 

Ce u-n tounde~ Jr" ~ 

l ~ s · t1\, 
9 ~ 5J J"l,\V 

mi:ri II U,- u~ 11v 
uE-Do 

V == W: [ o/rm1 is -f;he. So to-lev sp0tc.e 

fGL~[o)~m] 

mini! u- u* 11 2 . ; 
uEDi W~ 

Do={u:11 Au-fa IIL <: o2}, 
d 



) 

) 

L " ltN!]~a,ngian /vtethod-
'i'l'-1).J\J~ \ 'Y 

F [u, u*, l , Y] = II u- u* ll~i-: ). (\I Au- t~ !IL +v2 -8L) 
t ' 2 

a,0-..i.,\\ 0.,f '-j \[WCI~ 

aF[u, u*, ;,,, y]f ai.= ~ ;?}Ff.u, u*. ;,,, yJ/ay=O 

'¥ = 0 

{A) 

ConrAO:lc,n (A
1
) is fhe prvt'nctpte { me./:hod) of t'e51cluae 

v 
t\ .\~'I' \ l\., I 112 s'tm 1\1'' v I z L, = z2 ('~)d~: 

I D < 

y' -rm k 2 ~u'iJ~ 11 zll;,.;= J ~ [ d::;f) l rA) d~. 

min{<ll[u, u*, a]=( d-r[.f u(e)K(-r, ;)d;-~~(-r)]2

+ (B') 
uE w~ o o _ 

· +a ti rAJ [u (~)-u* (~)]U>2 d~\
1

, 

0 j=O , 

cl: r u u• (!) K (-c, E) dE- /, (-c)r dt =81, 

--rL.. n u...J,t._ I; = I "" ·J.- ~ ~ ,}<J~ . 

Ms0, "'3 l!) :::: i J -= ~ 

( c) 



ff.m 

,K2 (t ~)= J K(i:,. _E)K('r:, C)d-r; 
~ 

b (E) = f m j o (i:) K (T, !;) d,:. 
" e 

B o u n ol a rv ~ co no/. i'-t"L°o n s : 

k 

-~ (-1)l[f1 (e) u~i> (e)J<i-p) IE-O;~m =0, p~ 1, 2, 
J-p . 

... ' k 

~ . } [u"'-C~) =r u; Ct) 

r1J-__ ~ ,.,.t 

A-1 l ~0,v-v ll 



Re~ l,{ e 0t. i i ~ cit t' o v, 

l AA u = _r6_'_ 
where ~ is the lower triangular matrix; 

u = {u. }m. 
Z 1 ' 

It k = 2, u* = 0 j 
ro = 0, r1 ('r) . r1 -_ const ~ 0, r2 ('r) = r2 = const ~ 0 . y 

) 

m n 

whe~e m 
l\ ! bkl = ~ 'Pnk 'Pnl' bkl = blk' k, l = 1, m 

n=l 

d. ! ci" ={ ; fonr.pnk 1 • k = 1, m 
n=k 



8. 

u 

The first case: The second case: 

a regularization of the first: a regularization of the second 

order order 

- u + 3u - 3u + u = c30' -1 0 1 2 

u - 2u + u = C m-1 m m+1 2m' 

·- u._1+ 3u - 3u + u = c3m' I m m+1 m+2 

1 -1 
-1 2 -1 

1 -2 1 l -2 5 -4 1 
1 -4 6 -4 1 

C = 
-1 2 -1 

' 
1 -4 6 -4 1 I 

C = ' i 
-1 2 ·-1 1 -4 6 -4 L 

--1 1 1 -4 5 -2! 
I 

1 -2 lj 

Sampling the regularization parameter oc 

1. A residual principle: 

0: 
u - ~ 

E 
m 

2. A method of quasioptimal parameter: 

min 
0( 

0( 

II oc ~~ II 

1 

2 . 

du,,, ua.J+1 _ ua.j 
a--~------

da. k- l 



Examples of 
f//1/max. 

~· 

•... -1 

£rn 10 

Q . 10 Ii, 
I 

~d: . .Q . .,G2 
1 ., ·, 
' ., 

-4* D;l-'C/1:m .. 
Nonaal distribut,ic,n of error• ;n 

is true ·aolutions; • • • • 

0,1 ooo 

1 
~00 2 

0 D.5 , 
t', ' 

*-oil= 0.01 

input temperatures; 
is solutions of IHCP when 

. • 3a = 0.01 T 
■ ax' 

•••• is solutions of IHCP when ·3G = 0.1 T~ ••x 



) 

REGULARIZATION OF NONLINEAR IHCP 
~ {) '0(/J 

~ ui;,~~ 
0 1. By-interval of time regularization. 

~ r, oJJ,J , c:/-JJ t_G\Y 

i, 

0 

~ 

Regularized continuation of the solutiol n fa heat J 
conduction equation. 

System of regu arizing functions: cHrect~o p of 
111t~giai 011 

\ 
\ 
\ 
-

8 

where i is an index of the space 
levels; 
Mi is a transition matrix from 
space layers t+2,i+1 to layer t; 

T 
T 1, = [ T t 1 , T t 2 , ••• , Ti, m ] i s an 

unknown vector of temperatures in 
1, th layer; 

g~ is a vector of known parameters; «~ is a regularization 

parameter; Qi is a stabilization function, for example: 

where 

respectively. 

m 

d, ::ol,"' ~ Pr( o:) = :I; (7"ln - r;)2. = o 2 
n=l 

m 

:I; 

n=l 

q(T) = -i(T(O, T))a T(O, T)/ax 



) 

Choice of regularization parameters a • 
l • 

where T~n is temperature calculated at the point x = b (fron 

the solution of a direct problem); 

T* is the experimental temperature. 
n 

00 0 - f 
...,_ -z 

-100~---,Jij-........ --v-o------1t----'------1---.1 
0 2 6 8 

Example of computations: --- is an exact solution; 

Normal distribution of errors in the input temperatures, 

3 er * = O.OS•T l(T) 
111ax 

and C(T) corresponded to a graphite 

q'.l:(T) = O; 

1 - the regularized numerical method; 

2 - the direct numerical method - ( 0: = 0 
l ' 

1 = 1, L ) • 



) 

_) 

REGm.mIZATION OF TWOlJIIIENSIONAL 111:P 
lq~t:)~? T b 

X Au•Jd~Ju·cx ,~)K(x,x';T-~)dx' = 
0 0 
,ii: 

: f ( X, T), T€( 0, T ] ; XE( 0, b). ( 15 ) 
• 

Approximation: 

Finite-difference .analogy of •a[u]_: 

• [u] a 

m 

=I 
n•1 

)

2 

+ u ' 1-1,n-1 

( 16 ) 

( 17 ) 

( 18 ) 

under the conditions ,, u = On UL + 1 , n = UL n) 
_ .. -·--

n : O,tlt+l; t.110= ti 11 ' 1A = u.l •' 1 = O,L+1 
. 1, •+ 1 

~ 

t·. I I A~ A~ u + a C u = AT 
~ 

where 

s-s 1-1 
-s p-s -1 2-1 

C= -s p-s S= -1 2-1 P= 

' ' -s p-s -1 2-1 
s s 

j >cj' 
-1 1 LxL, 

where j = Lxm , 

. . 

2-2 
-2 4-2 

-2 4-2 

' 

( 19 ) 

-2 4-2 
- 2 2 LxL 



XIII. 
Iterative Regularization Method 



ITERATIVE REGULARIZATION 

The iterative regularization method can be used for solving 
various inverse problems (retrospective, boundary, coefficieni 
geometric and combined problems) both linear and nonlinear, ii 
nonoverdetermined and overdetermined formulations. 

Linear case 

U ~ F; 

' A~ Z ( U, F ); U, F are Hilbert spaces; 

A- 1 
- unbounded or does not exist; 

{ f, A} is precise initial data. 

Assume that U ={uEU: 
f 

A u = f } i 0. 

( 20 ) 

-~_(ii) =-11 A LL -.J \I r: , 1 ( fl) = t I\ A u -f JI~ == t a 2J( ") 

I J 1tl = A* (A[,{ -.J) I . w ~ - JI Li 

A"': F ➔V (Au,-t): -(u.7 A*•:f)u, LlE-TIAJf&TIA"' 

Steepest descent method 

- u = u -P J'u , /3n= II J'unllu2 / II A J'unll2F • n+1 n n n 
( 21 ) 

Conjugate gradient method 

u = u n+1 n 
( 22 ) 

l = 
~ n-1 

2Q:l where J I u .. A~(. Au - f) th d" t f 'd 1 - e gra ien o resi ua 
n n 

functional. c~~:;J,~ Exact initial data 

( V. M. Friedman ( 1962 , W<~ . Kammerer, M. Z. Nashed_ 1972): 

- o -
lim un= u, 
n~ro 

u 
O 

= argmin II u - u
0
II - normal solution 

uEU-F 



Initial data with errors 
,,. 

u E U, lo E F, 

where Ah E ~ ( U, F ), 

{ f~, Ah} is given approximation to initial data: 

II Ah - A II ~ h; lo = I + 1, II 1 IIF ~ 6 

u·= { o, h} ls -iihe CniHa.e o(c.t'l err-ol" 

Ca.ie i. The ~rl\dien.t Me.t~od~ :fo"" s,>lvt'n~ ( ) met~ Be 
ev€.r1 ol ,·v.ef"'9 en t 

Case 2. The- ~rv01olit.n-i ~e.'tuence.s cor,·ar-.ie, io t.tr-tcdn e&.men,t~ ~ 

G :::: f s-J h J ~ Ur, Cler 
u6 -fo u ~ uf 

G'~o 

Question: 

It there any way of choosing 

N ( u ) which would provide 

n I !~~-! I 
1 

i) C(N\.v-4'cj- ~ 1+L ~o.J-
Wtr ~ 'b'/:J 1H y / b .J 
\'(} \- s ~01 4 



u 

Sufficient conditions for regularization of a certain 

iterative method 

u = t ( u , 6, h ) • 
n+1 n 

Theorem 1 • If 

( 24) 

1 ) for 0 = h = 0 3 1 im u = u e: Ur cu =u (uo)); 
n n•m 

2) 4) ( u n , 0 
' h ) is continuous at all points 

{ u, 0, 0 } except maybe { u, 0, 0 } : u e: u-f ; 

3) V u e: Ur, t ( u, 0, 0 ) = u. 

Then 3 N ( a >: 1 i m u" c O' > = u . 
O'•O 



Theorem 2. Steepest descent method and conjugate gradient 

method satisfy conditions of Theorem 1. 

, Thus, appropriate regularized approximations converge to 

normal ( with respect to initial approximation) solutions 

of Eq.( 20 ) with a error tending to zero. 

How TO CHOOSE N (a}? 

Residual criterion: 

II Ah f ollF, 
-J 

Denote I:. = u - I:. = h I u 
0

1·1 + 0 
n n r \.._./ 

Theorem 3. For the steepest descent method 

3 

and 

N 
r 

0 

lim u = u . Kr a~o 

1:.2 + 1:.2 
n n+l 

21:. 
n 

II U - u
0 II ~ II U - u

0 II , V n < n n + l 

Similar criterion 

gradient method. 

( 1i U u O 
11 <~ 6 

~~l"a,tt°~eol R.es~clu,a e,, Cr,ttervCoti 

C > 1 

If solution to ( 20 ) is unique, then u 

replaced by u 
n 

• 

the conjugate 

0 

in 6. may be 
r 



Nonl i near c ase 

The validity of this approach for solution of ill-posed 

problems in nonlinear fo~mulations has been demonstrated by 

r the computer-experiment technique . 

. f "f A IA, ""' f u e rr, -f ~ F, 'i I wherve A ! V--'> F ) is a f)Ofl e,nea., eonft'n/Aous Fr-uhe+ 

~ J cliffer-enf,C!Cee orerR-lvr J V and F ar-e H,ltert ~pares 

,( ~ The ~,-Qo/ient I'u = ( A 1u.) * (Au_- f), 

) 

~ whel"e A I u is -fhe Fr-echef ~erivrxtive i9f i'1e r.e~rxtiJ~ A 
~t- -/;he f lfot'nt U ,; 

{.A 'il /\t f he o/>e r-a i o I" a1J ·o, nt of -!he 7e l"a-1:ol" A 1 

The s'feepest descent rnefhod.: 

Uh+~ == Uh. - p n, JI {A_ t'I J jl/-::.. {)J {>. ,. ,) 

If the input data are first smoothed it is possible to 
use the traditional iteration-stopping methods 
( e.g. II un+1- unllu ~ £ ) • 



) 

® Determination of the gradient of the residual functional 

J f u 1 = ½ II A u - f 11: J' u • 

Two analytical methods: 

with help Green's functions ( for linear problems); 

- on the base of adjoint problems both for linear and 

nonlinear problems ); (A'u)* 
An account of a priori information about a solution: 

- qualitative information, such as, smoothness of unknown 

functions; 

- quantitative information about the values of the functions 

and their derivatives, 

Two methods: 

1) A direction of discent is chosen in the initial space L
2 

n 
or R . , but in such a way that obtained approximations 

remain in the class of smooth functions. 

2) The iterative sequence is constructed directly in Sobolev~ 
l 

space W
2 

• 



Modifications of gradient algorithms ( for solution of 

multiparameter inverse problems) 

Two cases: 1) To determine simultaneously a certain set 
of functions and parameters (e.g. several 
coefficients in equation with partial 
derivatives, two boundary conditions, boundary 
and initial conditions, and so on). 

2) To consider smoothness of unknown function 
when the function is represented in terms of 
one of its derivatives and in terms of values 
at specific points. 

The gradient-method modifications: instead of the scalar 

quantity of descent step the descent-step vector is determinec 
at each iteration for each individual coaponent on the basis 
of residual minimization. 

Stopping the iteration, when initial data error is unknown 

1. Stopping by additional measurements 
2. Stopping by the increment of functional 



) 

A general flow-chart of the computational algorithm 

k 
u 

Solution or a 

direct prob le• · 

Calculation of 

residual functional 

Check of the 

condition of stopping 

computations 

The end of calculations 

Solution of an 

ad j o i n t p rob 1 •• 
and computation 

Determina

tion of 

of JI 
L 

2 

Computation of \he 

descent st.ep IJk 

JI t 
w 

2 

Computation 

k+t 
of u 



Coeff(r,len,t Inverte Hea:t Co11Jue,;1i,n, Pro8 fem 

/' 

T(x, O) = ~o, x E [O, b]; ~/ 

T(O, r) = T1 (r), T(b, r) = T2 (r), r E [O, rm]; ,/ .J,,, 

- ·- . ~ - fi,¥#1~~ 
T ( d;, T) - f; ( T ), z - 1, N, T E [ 0, Tm ] , ~\ Yr/\ iJ , q /) o 

tJ/" W'~~rvl J v1/ 
O<d1 < .. . <dN<b -~ #t:1 ~QJ ){~ 

whet"'e C(T); T1 (r); T2 (T); f;(T), i = I, N a,re, known, function~; 
t . b · Tm ;d ., i = I, N· a~e ~rven, num&er-s 
'io' , ' ;t (T) - 7 

) 
A (T) , T 6 [To>TM] 



) 

H= 

{ B.}M+ i 
I - 1 

- -
B/T) = B0 (T-jH), j = - 1, 0, 1, .. . ,M + 1; 

- 1 - - - -
B0 ( T) = 

6
JJ

3 
[(T - 2H)! - 4(T-H)! + 6(T); --1(T + H); + 

+ (f + 2H)! ]; 

M+ 1 

A(T)= l: 
i=-t 

(T-g) 3 npH T ~g 

0 

~-B .(T), 
I I 

-
npH T<g. 
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A N Tm 

whe!"e, J (A)= l: J P;(r) [ T(A, di, r)- ft(r)] 2 dr 
i = 1 0 

) 

N+ 1 Tm d; 

J' = 1; I dT I 
A· . 1 
J z= 0 

+ T!(x, r}B;'(T)] dx 

j = - I, 0, ... , M + I, 



N Tm 
2 -k d d 1: f v ("1A , i' r) 'I' 

i = 1 0 

(x,T)EQ; 

) v(x, 0) = O; 

V ( Q, T ) = V ( b, 1'.) = 0; 

M+l 
,_ k -t::,.Ak= ~ P.B.(T). 

J I 
i=-1 

5ol~~ Svt~ <€'. Ce. · ' ~ ~i,; 
, .,l ,-.-- r--r- t. ~4 

~\e.p C) -t, ~ L i f ~ J JO J I , L 

\ (Ti I f-i) 1 f i ':2: i &-,__~) 
µu1 ~ itn -c-1:.= ~ c~~) 

sry 1L -t> ~~ ~t'l ,\--~;_ t: fv--~~~ 
- Sct\t--0. ~·,\~~ pv·~ ~ u.,vvt.e.,..J-1' 

- e~~ 'v'l ~ _, 1J !: 0 2- -+':7 ~ 
sJe.r -z_ ::ttt"'- "-¾0

-~ r~ i;::.., 1c ~, tJ ,,., IMV<j Tc..-, r > -r (,J 
k ~iv rvv-<rt o.- • ~ -

~3 1J kt:.i ~v-.h Yt< (¥0 :: 0 ) 



a culations 

non-

disturbed data {spase L21 

q/qmox 

0,2 

---1 •••• - I/ 

---2 
----1 ·····•-'I 
000000-j 

0 8 16 -r, s 

0 
b = d, 

0,5 
AFo = 0.01 

b = 0.003 m, 
.1Fo "' 0. 015 

b 

d = 0.002 m 

b 
1 - a true solution 

2, 3, 4 - the 1st, 9th and 50th 
approximations (conjugate
gradients); 5 - 50th approxima
tion (steepest descent) 

2, 3, 4 - the 1st, 3d 
100th approximations 
( con .. iugate grad~1ents) 

li (f-'r 
~~ J_o;,ivJ 

J,'.) ~ ~s~ r•Jt'/ 
9\ lu,✓1 -Y " ~ 
UC V .ore~' 

\ 

and 
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Nonlinear cases and disturbed data (space L
2
i 

'!II/fax 
The 
and 

method of conjugate gradients 
two different methods of stopping 

1 t--- --w.i~~----1---- J,--- --l----1 
--1 

0,81-----1~-~--+-----4--~--~ 
-6--J 

0,61-----Ji;J.+--~~-~~::-.&..c~--~ 

O,~t---H----ir------i~-=--g-f-------P..,_------1 

o,2~'61----t---~1-----+-----+-1~---1 

0 0,2 0/1 0,5 0,6 
Normal law with dispersion of errors, 3(1' • 

d .. 0. 42 b • 0. 06 ~ A Fo ~ 0. 1 
d 

1 - the unknown function; 2 - stopping 
measurement at point d'= 0.08•h ( N = 

by t ~ itµ~ sidual ( N = 7 l 

0 )u u{) ~ ~.(O 

{ 

max 

by the additional 
10 ); 3 - stopping 



q,.W/mt. 

Smoothed data 

--- -1 
•••••• - 2 
0 000 -J 

ll.1·106 t----~---+--~----+-lt-~:--~....._--t-_~r-----1 , 

0 5 10 15 

b • o.oo3m; l. • o.721 + o.2ee•10- 3T, kW/mK; 

a • 
-6 -9 -12 2 .. , 

0.4•10 0.143,10 T + 0.408-10 T, ffl ' 

0 ~ 
0 ~ 

0 
0 

0 
0 

0 
0 

0 
0 

00 

r, 

(full curve - true solution) 

1 and 2 - 30th and 60th approximations for non-disturbed 
data; 3 - the· 60th approximation on smoothed data ( initial 
values of temperature included errors distributed by nor a t1 
law with dispersion 3 er = 0.05,T* ) ~ ,~_?.,, 'l ' 

111 ax J ~rv 
I U-P-

~, W\ ~ vw 1 7,t:~ V-jJD.n~~ ~~:&ii ~ 
W\~ ~~ 
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Sf 

Solution of the boundar¥ IHCP in ~~~c/ w~~ (an account of 

smoothness of the unknown function) D 
q/q';'ax 

0,81-----~----+-----+--~--+-_-_-1----t 

0,6 

0,'I 

) o,z 

0 0,2 
1 - a true solution; 

data by normal law, 

b.- z 
x-3 __ ~ 

0,'I 0,6 0,8 

2 - an approximation for disturbed input 

3 o = 0.05·T* (stopping by criterion of 
ma~ -

residual, N = 7); 3 - an approximation for exact input data, 
N = 50 



II. Nonlinear coefficient IHCP - reconstruction of the thermal 
conductivity l(T) with using spline-approximation 

A/A.m,u 

5/6 t--+-____,__--+----+--.X---.1 
--1 )( -z 

11,♦· 

+-J 
0-1/ 

4Z 
• 

f/6 ¥-a~-'-....J--~-.J 

D 0,2 ·o,'I 0,6 D,6T/T,., 

A, 
2 

Exact input data 

1 - the unknown function; 
2 - the solution of IHCP. 

o· 11,IJ 0,8 T/T11 
Exact and disturbed input data 

1-the unknown function; 2-the 
initial approximation; 3,4-the 
solution of IHCP for exact and 
disturbed data respectively. 



the heat 

0,8 0,8 . 

0,6 0~ 
O,J 

0," 
x, 

0,'I 

o,z 0,2 

0 0,25 0,5 0,75 x/6,_ 0 0,25 0~ 0,15 x/b1 
Exact input data Disturbed input data (_ uniform 

distribution of errors with 

maximum deviation 0.01 T11c 
IIIBX 

Results of computation for four cuttings by coordinate y and 
one time point T = T / 2 . . • 



XIV. 
Comparison of Methods for Solving 

Boundary IHCPs 
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The conditiona 
for the aolu.ti 

lllf,:Di■tiDcUona 
· : of applicat
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1 

: thoda 

2 

Tbe RCSY,lia
rit,in At • 
terw1•t;ign 
pf JBS:P 

1. Linear vi th 
c:oaa~t 
tbenaal 
properti•• 

2. •Olll.1-ar of 
liBaar wi t:h 
•arlable TP 

3 • lkta:a 911 I CS. 

h-~--canduct
iOII equation 

4. OeDeraliaed 
heat-cand11ct
ion equation 

5. Fized bounde
rie■ of a 
body 

6. Mowing 
boundaries of 
• bodr 

7. Fill:.ed. taape
rature gauaes 

8. Tz-...lling 
taaperature 
g1111ae■ 

Diract approai-:Diiwct 
-t•-analytieal:nuaeri-

.. thod : cal ---

( 2) 

3 

Y•• 

no 

,. .. 

ye■ 

in onediaen
aional caae 

no 

: thod 
: ( 3) 

4 

Y•• 

,. .. 

,. .. 
,. .. 

9. OaMiaen■ional. 

10. 1vodiaen■iona~ 

,... ,. .. 
for the doaain■ 
of aiaple ■hape 

no 

Table 
the -thod• 

:Xteratiwe:R~ariaed:R~ariaed 
:regulari-:algebraic nu.aerical 
:aatioin : .. thad aethod 
: -thod : 

( 5) : ( 4) ( 4) 

5 

yea 

Y•• 

yea 

yes 

yes 

yes 

yea 

6 

yea 

no 

'f•• 

no 

yes 

in onedimen
aional ca■e 

Y•• 

no 

Y•• 

7 

yes 

yes 

yes 

for the do- yes 
mains of si-
mple shape 

Y\O 



.... 
~r:u:1:a.l i:as:U, -
:t.1.SUJ.I gt a1mu-
cation 

12. The determination ye■ ye■ ye■ yes yes 
of heat loads 

13. The coaputation of no yea ye■ no yes 
teaperature fields 

14. The ■lowly altarat- ye■ yea yea yes yes 
ing heat-exchange 
proces■es (HP) 

15. The quickly alterat- no no yes yes yes 
ing and ■hort-term 
HP 

16. Low-temperature HP yes :re• ye■ yes yes 

17. High-t-perature no yea Y•• no yes 
HP with ea■ential-
ly variable inten-
■ity 



1 : 2 . . 

18. Sa.all beat-depth 
of the in■talat-
ion of taaperature 
gauge■ 

19. BJ.g beat'.~dl ~ 
the inatalla~ioa 
of telipera&ure 
gauge■ 

20. lletallic ■uuct11ral 
elr-b 

21. Theraal protection 
and t----1 inaulat-
ioa 

Tbe ardt ttma• pf 
ansitseJ mi hatam 

22. 1'be caapieait.J' of 
tb■ ~ 

23. Q snnelditU.. 

upc -

24. CoeputaUoa in l'9al 
u.....i. 

21. '!be ~Olla-
the •aluee of the 
■tepa 0~ apprG&!-
-ticm 

26. Pre11■Sne:ry saooth• 
in9 of 1ni Ual data 
for higb 1 ... 1. of 
erro■ 

27. Qbt:afntag of the 
needed degree of 
■-oodmelsa of the 
resul.ta 

28. AD M:ca~ of the 
quantitaUYe a. 
priori ildoraatioa 
about an- •anlmoMn 
eolut.Ma. 

3 : 4 : 

yea ,.. 

DO 

DO hr-■--riala 
ldtllW.-.Met 
CC I Itri~ 
cmly 

■iapl■ 

aaall 

p • • • i 

~ ....... 
atric:t 

nec••••rJ' 

COntinuation 

s . 6 . 

ye■ ye■ 

Y99 J'•• 

yea 

~ J'-

1 e 

of table 

7 

ye■ 

yea 

y .. 

ye■ 

iapo■-
■i.bl• 

■ o re ■ trictioa 

not nece ■■ ary 

p o ■ ■ i b 1 • 

1a ■■lb- bard to iapleaent 
1• 



xv. 
Development and Validation of 
Mathematical Models of Heat 

Tra.nsfer 
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Mathematical model 

System 
(process) 

R (u) 

v - external (input) action; 

State 
variables 

T 

u - vector ot system characteristics; 
R(u)- operator of the system; 
T - state (output) variable. 

Mathematical model - transformation of the external 
actions into state variables 

R (u) v = T 

Mathematical model development 

Simplifying 
assumptions 

Analyzed system (process) 

Conservation laws 

Factors taken 
into account Characteristics 

Model structure Model characteristics 

Mathematical model of the sy•teJJl (process) 
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St"'9es of Ma,/;he-ma:h·e-al Moolett'n9 

Deve-lopmen..-t 
and va Udatiovi of l £ 4 1 

a, ma.:/;hem(),tl~t 
tnoolel 

Consir-uetCo~ of 
tomput~it,:mai 
~chemes a,,nd 

tMtgol"ifhm~ 

E2 

2 ttr-e er-1"'1H'S o-} -tni moolee,·119 crnd 
e~lcuta.t1,·, . · · A 

..,./ ----- ~= 
--- - -2 =+(E~ 
- ----

] eve.fopment c,~J VOt et cla:t(Olt of rn {l([hlmaf,we JmJtltfs : 

- COYJf,f,..,u~f,011 tJf a, model structul"e; 
- fQfV~metr-L'c ioleMh/ttcd1'on; 
- modee v0rt,dtttt'on .Jot" tuleff'Ut?Cff 

S_;..-

( 

Pf"ed.ie,tion,,, 
of ev f--f~tr£ 
of -/;he, o!jeit 
under- sl-u.«!1 



J 
) 

) 

ldentification of characteristics 

Hethods for 
solving 
exp er i .lHHI t 
design prob.lens 

l::xperiJJent 
des·ign 

Hathematical model containing 
unknown parameters 

lnverse problem 

Correctness analysis 

General requirements 
for measurements 

A priori 
error analysis 

OP.sign and manufacturing 
of SPP.ClllP.llS 

Experiments and 
■eassurements 

Kxperimentai dnta.processing -
computation of characteristics 

A posteriori 
error analyses 

Chnracte?' ist.-ics 

Simulation 



Exern1nation of the model for adequacy 

System 
(process) 
R

8
(u) 

Measured 
state 
variables 

Environment 

Mathematical 
model 

R (u) 

Predicted 
state 
variables 

of the system 
t • R

8
(u)v 

of the system 
T = R(u)v 

Adequacy measure -0. II: II T - f II F 

e The Problem: f\. ~ c, 
c '>0 - prescribed level of 

adequacy 
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1 

Adequacy Criterion of Mathematical Model 

Adequacy measure : 11. = 17.(A,f) c su.p inf I/ A-u-f 1/F 
I /E F0 u.£U I I , 
\ ~--·· ·-· ·· ·--- . - ~- ,., - · ·• - ... ···-·-·- ---·-· .... ________ ,, __ .. ". . '\ 

where F0 ~ F - some set of possible states of the process 

For inexact input data : Tl, <f = 11, ( A , f fl ) 

1 

Adequacy criterion : f'/ ,r .; E { ,z , ma.oe ffJ ) 
1 

. 

J e Fo I , . 
,~ ___ ...:::.~-----··"-······ -----·--·-· .. . \J 

'\. 

where ~ J = If f d' - J I/ F - error of some J e F 0 

Residual L1 ;a// i! - f 4 // F , f I • f rl { ~, t:) , l • l. (:,t., 't') • A <.t 
· ·· - • .• • -! • • • : ... "·-

""'· •U --•. •"':--'~..i.:.... - • -

"i \. . • ..,. ·: r•r.-• ti • .-. ... :;:;- ...-.- : •;• ·· 

1/39 

' ..;u-t.,V V . if"'"> 

'(',lJJ "'J.Y;",.~ Y-,...'..l /-v 
~ cLU'~. t ~ .. ~ 

&fr',..J. t 

I. F • l..2 : !t'.,. 7_ lh 
if J is n - dimensional vector-function: '1•{J 1 [l-Jc9]T[z-J,]dQd1:} * 

'Z'm o ~ 
if J is scalar field : /J ={f '( [l-J,t]e.dQ d.'l: J1

l2 
#f: 0 !2 . [(:-; J½ 

if f=f{'r:), ~=Z(-r:): A• 
6 

{l-J1)TW(l.-f6')d,r , Wis weight matrix 

II. F • C : A = max / l - f I / :x" , 

* 

* 

(/4 



Reasons of nonadequacy of the model and ways of 
their elimination 

I Nonadequacy of the model I 
~ ,:::-"? 

Characteristics Structure of the 
are known with low model does not take 
accuracy into account the 

influencing factors 

~ ~ 
Characteristics Structure 
specification specification 

) 

Correctness analysis of inverse problems 

I Correctness analysis I 
..,....,. -:i:: -::i,_ 

Solution Solution Solution 
existence uniqueness stability 

~ ~ ....,. ..l 
Requirements foJ Requirements 
measurements for methods o:t 

solution 

___; 



( ..__, __,, 

General structure of a thermal mathematical model 

1· . 
~ - -1 

• ,------7 . 

~ 
Model of I Model of I 
heat and I internal I , . mass - heat 

External transfer I transfer 
action on the - I I surface 

I I I 
I I I 

L __ --~-~ C. . 

' \ 
) 

._/ 
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Parametric Identification 

A1u ::: J8 
' I 
~:i~r.Y 
~ 

1/38 

. r-,,.,,_,~;;-..:;:;·--,~ fJ ;·~---,~~~::~,~~:,~··~;;i> •• ·· ~--
i\~----~ identification ~-- : solution of tri 

.. .-,~~ ~ inverse i;• , ' 
· '· problems ~x . ~ --·-iA,.u , 

-·-·· ······ ·--·-~:.. ~ -=--- - c_•• .. •-•·-~- • ----·,r-·. r ·-- ~ '-
No 

data I~ ' experimental ..-:1?>-: Ji and A,.. U i , .. , pondence? J-f-.. --=-
Measured 11 .. ·r ; I.nitial processing ,' :1_ Ii ' Comparison of ~ , Corres-

:_-,: ~ information · ~ '-.. ·:t•'l:': ~ 
. ·. "\ :ob.===::::-::-:-==== '"' ' :,,)•"' 

~ , \....__ ,r,,-----~---,...,..,.._ ~-,~m·---- ... , •;r ~ "!.,~ ¼. • ~~~~ ... 1•")~~_,,;.z'.- tV. '.f::• , -'..,~i ~ ••. :::•~J-.\."·).. ~- 11,~,;:•:,\ij~(";.~lr;:,;_",l -" .~-• ~•:t.r:-,. •\\14~ ·' '.' "''' '-is .;,,..._ •· . ; •i',\</'o,;7,t, •-i.): ;'}a!,:~I· t~;.i\'.,;, 1'\ll>j,!rrf,'i", ·;"\1 ~ -'~:-- ,~••> . ~{l,!~,.,J ~~~ .• ~ .._.:) .l!C!"-"' •M""'l81t · .•, U,:.,) . • , ••.• • ,. ; . u ~ Yl .; ••~~~u -, ,- ., ·, .,:,4'~• • • ~ .·. _,,,. •. _ ,, •- , Yes r· .. 
V f, ... 

Resultant mathematical 
model 

;. .. -~.'. • . • ' 
f >''!I -; ~ .,., {~-~~~·;.., 
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C,~\/; 
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TP 
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ARl: 

· .. ~ < 
.~, \'-.'\-\rd 

~~ 
~~ 

Practical Application Results (AR) of IHTP methods 

~ ,; :·i;;•y;c:.';' ~,, ,' •, , , -' •,;;t-1, ,. • ,, ." • •, ::,: ' · · ·· 

-.:·Jton~'stat.f:dnary_~i11ea t . ,: Meas\Jrtng\\ 
_• _ ,!_ - • - ~ ~ j 

High - Temperature Gas Jets 

: ; Y •~ r·· · ~ 

Plasma jets 

.,.- - -·- - ,~,,, .. 1.~,!--

Je~s 11~. rocket 

Tran·sient Calorimeter■< 

'Disk sensor 
(_ 

I - ..::> ~,.~ V'/'. ~ I 
U,/V\ C.,o::i \ iA' 

3~ 

3/1 

af. 
~ 
I 

ouple■ 

"-water 

pipe of 
thermocouple 

wires 



~ ._\ t( 

~ 

J \~' s \ - /l/,lf' c,{, 
1 •,· 

~LL lfa v - l - rc.P, 'v, 

. 6-· i 

A • ~ ~ ""'.) - f; ~ - i:.,.,)- • 
il,V- • rv r<l":L\ V SI}, ~ 

TP 
1 

\\ I - V 

ARl (continuation) 

\ 

Noncooled calorimeters for engine -

(1 - sen■or, 2 - frame, 3,4 - plugs) 
-4 

q•l0, KMl/m2 

uJ 

o.61 J "\! .1.J~~~,;· 1. r = '° , 

0,3 I \ W e _.. I :.al! 

. .r 

0 2 

-10 

-1s 

~ 

'/., 
Kw' s,;;2 

2.0 

f.0 

0.5 
0 

3/2 

P, tv/m2 

0,5·10" 

0 

"• • ·t 

!l 

0,1 tJ.2 'T, S 
Results of determining of heat 
by pivotal calorimeter, moving 
subsonic plasma jet 

flux _1. Heat fluxes in nitrogen 
along ~ plasma jet 

l 
l {A;~ +e'-€1!1-- 4--s U..(/t.,,{ 

_d.. 1AA-Ui. 
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-

Simulation of Transitional and Turbulent Heat Transfer 
Conditions 

model 
diffuser 

-----c 

c-c 

Supersonic thermal wind tunnel 

Testing conditions: T~ = 150 ••. 500 °c: p
0

= 8°105 Pa; M = 5.0 

3/3 

h,~ ~ - ---~A-A: Rex = 4• 106 - laminar boundary layer 
m.aK r.. 1 

• = '-----
2so I--- '6 I c.: IB-B: Rez 

7 
= 1.3•10 

200
-.. i - ' ~ 1Thtotef4cal •dlm~'''" :lo• 

tso I ~ ,~-t.tu,11•1f to11,J;t;,,.., : 
h-,.,, • ,o.,, 

,oo I I .. 'I:' ~ I ' I J. ,.,,, C H- ~ 
50 1..-- .,.. n a:, s:::rn1---l 

0 5 JO /5 20 r.s 
Heat transfer coefficients 

- turbulent _ _ boundary layer 

~~11\J .. ~ I 
400 _________ ..,___---li------ll-----

3~0 

300 L---L---.1...---JL....---~--
.20 5 LO 1S 'r,S 

( 1,2 - numbers of tests; I - x = 0.3 m 
Stagnation temperature 

II - x = 1.0 m ) 
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AR3: Heat Transfer Diagnostics on Models Surface during testing at 
hypersonic wind tunnel with magnetogasdynamic accelarating 

air stream 

8 - one-dimensional sensors </. 
2-10' 

a g 

~- two-dimensional sensors 

0 JY 

lo 
/ 

- 1 6·106 

-2 
-3 

106 
. 9 

S·to' 

0 I -,. _., 

2:10' 

,o~ 

0 
c . 

6·105 

-~3 

-4 4·105 

--'- -· -··- 6 
-7 
-8 
-10 

d 

----!J -,o 
-11 

3/4 

Voo 
2·105 

- z 
30° 

X 
Arrangement of sensors and spacial heat 
flux distribution on the windward model 
surface: T; , original base surface: 
ft , flux distribution surf ace for the time 
moment 't' = 2.3 s, 
H = 20 •.. 25, Re '= 105 , 't"unpulse ~ 1 s 

0 
1 2 

01 I 1> l 
T,S 1 - r;s 

Reconstructed values of heat 
flux q ( 't' ) , W/m1 at diagnostics 
points in different model cross
sections: 
a, at points 1,2,3,9: 
b, at points 6,7,8,10; 
c, at points 3,4; 
d, at points 9,10,11. 



Methods for characteristics determination 

Methods for determining therriophysicall 
characteristics of materials 

l Stationary Transient 

Traditional 

Regular conditions 

:si.- I · 1 ___ <?:_ 

[ 1st kind [ r 2nd kind I ,-3-r_d--=:a.,k_i_n_d--; 

Inverse 
problem 
solution 

Traditional methods of characteristics 

• Traditional methods are based on analytical solutions 
of the boundary-value problem for the heat conduction 
equation with constant coefficients. 

• Heating conditions for samples used are rather simple 
and easy to reproduce. 

• Rather narrow temperature range is realized in 
samples to provide constancy of characteristics. 
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M Cl,-t-he,m "'tt:c..oi.f., M ode..t N{i 
( -ft'.~ecl -ihet'mo_~en1or$ and . 6od~ So,a,t>lCA.f'{~~) 

't' 
e(T)T~==(,J\,(T)T:x:.)%, (x.,~)EQ=(0,&)x(0/t'm.); 't'm II I I I I I I 

I 
I 

T(x,o) == ~ (x.), x E [o,tJ ; II I I 1 

T ( 0/t') - T. ( 11:) ; T ( g, ~) = l;_ ( 't'), ri; E [O, 'trm.]; 

I 
I 
I 
I 
I. 

T(dL}J:) = tL(~), ~= 1,N, 'r €[0, 't'm]; 

C(T)>O, A(T) >O 

O dt d,. ·••• dN-t dt4 

0 c::: cL4 <: • • • < d.N < 6 

it(T): mLn. IJ(l)-6;1, 
Jl(T) 

N 't'm 
J(.Jl) = >! S ft(t') [T(.'il, di,'t') - ft (1:)]2.ct.ir-; 

r;fo 

o; is OL »1(.-i,~rnc-e aefowaB&: levee .f-of" rvest'olutAl 

b ~ 
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Diagram of test facilities 

supersonic 
nozzle 

specimen 

pyrometer model 

thermocouples 

specimen 

system for 
data gather
ing and 
storage 
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Results af temperature measurements 

Diagram ot thermocouples location. 

T,K 

I 
1000 

2 

800 
.3 

200.__ ____ ___,_ _____ __i_ ____ .._) 

0 l60 "C, s 

Measured temperatures: 
1 - X=O; 2 - x-2.a mm; 3 - X=5.6 mm; 4 - X=B-4 mm; 
5 - X=14.4 :mm; 6 - x.17.-2 mm; 7 - X=17.7 mm. 
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Results of experimental data processing, 
specimen 1 

.A, W / ( m · K)----------.----"T""---,----, 

0.8 ~---+-----+----:'1,:;_/----d"-~--, 

---✓ 
0.4 

..-, 

--c-/4"=0.2 W/(m-K) 
0. 2 ~-- -+ --t- - 0. 4 

-o-- 0.6 
____ Traditional 

0 L-----~---=m:.::e~h=-=o~d:....----+---

Thermal conductivity ~(T) determination by solving 
the inverse problem with different values of initial 
approxima. tion ..:l 0. 

J-10· 5
--------.--------.-----,,-------,----, 

1.5 

-0-- .,1°= 0.2 W;7m.K) 
1.2 -A-- 0.4 

~-0.6 

I 
-l)-.~~~o-l)--o--0-&-0-0-0 L_ _ _,l~ __ _._4____:::.............:5~..::......-=....:;:.8--=---..::;____:i.s 

Changing residual functional 
iteration number s. 

J depending on 



Results of experimental data processing, 
specimen 2 

~ - A
0

=0,2 w/m-K) 
0,6 1----_....;.....__ -t- - 0,4 --+-----t'-----1 

-o-- 0,6 
-o-- 0,8 

D,2 

D .__ ___ ....,_ ___ __.__ ___ ......__......, 
200 5l)() 8()() 1100 T, I< 

Thermal conductivity .ii ( T) determination by 

solving the inverse problem with different 
values o! initial approximation .it 0 _ 

~6 u._ _ __. ______ --1-____ _ 

-o-- J,.o.,. 0,2 W1m-K) 
-.e-- 0,4 
-o-- 46 
-◊-- 08 , 

~4-----------------0 
-8::::: - ~---~-+---o-~--co-◊ 

0 2 4 6 

Changing residual functional J 

on iteration number s. 

8 s 

depending 
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Opit'ma.t MerHuternen:f .l)es,jn 

Hear;~,. efh e-ni ol ,u ~h £ = { N, ct}, 
W her-e N i,j -the nu111ltfV DJ f h~rmo sen ~o,rvs. 

d, ~s f J,e Vt tto/¥ of Jeh_<;or, i'DDi&/lnaies( d = {d,~ rf 

whel"e F(E) = -1J CflJ11., J, ~ =~, MJ 

M + 3 - -the n vt Ynder-- o.f t11fet'vals .for Jl (T) 
tlpp~o·x,'ma-t,·on, fli B-tptines 

~;(oL~/t') a,,("~ -blie. se,ns,·+,'vifJi JunefttJns, 

. oT( cit,'t) . e; ( tii,,'t:') = 3 .71.j , c1 = -1, M + i 
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Kma~ t function 

K 

- d.= 1,1mm 
- 2,1mm 

4.2mm 

r/Tma.• 
0.2 O:'I 0.8 

K(T) reconatruction uaing 
exact input d~ta for 
different values at the 
thermocouple coordinate 

- exact function 
+ for exact data 
O for perturbed data 

Kmwt 1 1 I f 
a8 I I l f. .,I 

,1-

I t ' I _:-f Tmax 
O 0.4 0~ 
K(T) reconstruction for 

D-optimal design 

Experiment Design 3/7 

The experiment de■ign I is a determination of a 

number of temperature gauges N,cgordinates of 
their installation into a body d ~ {cl,~}~ 

I D - apt1 .. 1 da■ign: F · ? II { H' 1 }": rn [ F(l)]' 

where -,. ] 
D[F'( t.) i11 a determinant of the 

corresponding Fisher information 
matrix F-

t,D t t , .. 1;.,,. L 
:n t4JI I I /tJK/ro. 

t 
I l91J ~/. 

35 t-O.tt--1\ , \. 

I I ; 1U I\ Let.mm 
0 0.75 2.25 

Dependences of criterion value and 
relative error aaximum from d 



Mct,thtmCAi(C..t,\.,e Moolee NiZ , 
( rn 0 -✓a C ~e, -/;her-mo!. e11sor-~ a11cl tod!J tv;,1.ndtwi es 

i--
C(T)Trt = (.i\.(T)Txh,, (X/t}E Qrt:, 'rm . , 

I 

( 
I 

Q,z: ={ do('r)~X< d.wH (t), D ~t' <'rm}; I I ' \ 
' T(x)o) ==~ (x), r.lo(O) ~x~ llN+1(0); I/_ \ \ 

dtl'C) 'i .. A \ ~N(t) \ JlN+~ (r) 
T(<L,(,r), q;) =To(t'); T(d.N+{('l:), 'r)-TN-t-t('r), 

t' £ [O, 'rm]; 0 

T(dt(t'),t) =fl,('t'), i=1,N, t'E [O,'Lm]; 

C(T)>O, it(T)>O 

d.o('t}< d◄ ('t') < · · •-<= dN('t') < dtJH ('t') 

Jl(T) : n1L11 I J (JU - 6; I, 
jl(T) 

N 't"m 
J (A)== Z:: J Pil~)[T(Jt,dtl'G), rr)-f ;,(7:)]1Lt' 

lr=-f 0 

X 
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The~ Ynt-1 t- PJ"v p€t"t, 'e.$ Tn ve <; f(q t1 t, ~ns of p.,, I 
c{e.c.ompos,'n~ mc1.-teru~Y1,, wt'-1:h rno·✓(r?fJ -il11:,rNJC01-tp4!s 

4 A-A 

Al 
$p e tt'men undi~ c.:n v ls. fi'9 t'if t'o n. 

1 - re11~;r13 -eeemen.t ; 2)3;4- - -j,.,"'me j 

s - chr-omee -~ei-irnee -ther-mocouptes 

q,L'!:) 1-
1 ~~x~-.---.--------1~--o 

,_____ ___________ ------

I 
1--- - ....__-t---r------1 

A f'!"an3 ein-t!n-1- of -t /1 e rv Jno c,:ii,1p fe~ 
in th.e SJ!J1 ~- lilj -e f e 1?1€1-Zt 
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AR4: Study of thermal properties of heat protective materials. 
Mathematical model of heat-and mass transfer in decomposing 
materials 

3/5 

BT a ( · · ·· aT ) ( BT ) BT ( oT ) C(T) 01: = fJx A(7~) 0~ -p T, 01: Bx-s T, eJ1: , 3!E (o,t,), '1:'~ (O,'Z"m]; 

T(:x:,o)=To, x£[D,6]; T{0,1:)::.fo{'t:), T(8,,c)=f,1('t:)~ 'r:'~ [O,tt:mJ; 
& 

( iJT)- dh9(T) 1 lima ~T ) - om, 
p T, 01: - d T o fJ:x d:z. ; S(T, fl-r: - h,alT) a:x , 

Bma_ 
B:x. 

-· (1-K7 )p0 (A+11A-fk)znup{- E/RrL T>T,. 

D, ... T ~ T,,_ 

T.y, a T~ + a ( BT )a.' 
a 1 iJ'f: , z _.; ( P;./Jo) f Po -Pc), 

where mS, l,.J are specific mass flow rate and ·enthalpy of gaseous products: 

1(
7 

= Pe/p
0 

is a limiting value of the coke number: 

Po,P,Pe are initial, current and finite values of the material density; 

i! is a concentration of a deoo•poaing 00111ponent: 

al ,a2 ,A ,.:1A,11, E 
R 

T"to 

are thermodeatructiv~ parameters: 

is a universal gas constant: 

is a temperature of the start of phisico-chemical conversions in the 
material 
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AR4 (continuation) 3/6 

Input data: T ( dt , 't" ) = f 1,. ( 't' ) , i = 1, N-1, N ~ 2, 0 < d ◄ < d2 < • • • < dN-i < b 

K (T) -&f!:¥5::=:::::::!:el 

Specimen I 

material under 
investigation 

Testing in 

4---
quartz lamp 

specimen 

-t~~ ~~)_ KmJx-;t,S35~)m~- .... I i 
To= Tmin ! 30JKj - l -·-

?,c° Tm~ = 21~2!( l -- ~ -- ~3 

O. I 

...-o,, 

{'.2 
jet 

-··t - . . - . , • . . -- --
Asbestos-rein f orce'd 

AT 1 1 .. I;:. ..• 
0.-1 ., o.c J .1, 

K ma~ -= 0. .3'43 lw'/mK---1----1 1--- ---1 

To = Tmin =303K 
T,mul• 66.JK 

Qf.1 I I :,1 ~ 

a2 
0 a2 0.4 

"f 
0.6 0.8 T/Tmcu 

Processing of experimental data: 
••'- aw 1 - above-stated model 

Specimen II 
2 - above-stated model at A A • 0 

Testing in termal-vaccum --- 3 - uniform heat conduction 
chamber problem (P=S=O) 

• ... 4-monotonic heating method 
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51 L 1r, 1,tl,-l:-a n e o u. s: pf e te r"trll 11c1 /-t',J n 0:j. -two 
ih e1 mc1 t- /J "tD jJt rvf/e 1 

30 
.t2 

-! 
ocoo.2, 
.aA,A,4 .3 

q,,i = 19Cit' K W/m\ 

To =30OK) 

er,,,,.,= 20 $1 

J\(lm~K I · · --7 
·15"0 ~ ....... :,c-,J_, -----+---! 

I 

.-f (.)0 
-i 
0 ¢ 002. 

l i -----------l...- ro 
~,A,.3 

3'00 900 T t( 
I 

600 900 300 600 

E,<;t(J111,~hon> of ·1).l)f,Mm.et~lC /1.;(_.C,,,f C,c;,,r/:?t: ✓i'/y- e(T) 
Cinof ~htr-vr,al ci?J1t/lltft'v,fJ 11 l T): . 

i - €XO:ct sott-thons ·, 2 - Ctilcu&.,,h'vns _for e :-~t;-c.f, l~f'~"-t 
oic{tc{ ~ 3 - tc-1t.ewec1-ft'ons .fo"t p.erftt•vtc,..fe~I tl'y:mt l>,y:c:~ .. ., 

3d = O.D'> I mC'l,'.x 
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AR: Facility Tests 

AR5: I Thermal and Gas - ~.;;;.~c Tests IJ 
"------------- ···- - -------

* Diagnostics of heat transfer boundary conditions and heat loads on structures 
during full-scale testing 

* Identification of thermal properties of heat-shield materials 

AR6: I Thermal - vacuum Spacecra~ts 
,• 

. .,_. _ _... .... ~...-...------
Test 

-= 
of 

PROCEDURE OF TESTING 

1. Special preliminary testing of object for the purpose of identification 
and correction of mathematical models of heat transfer processes 

2. Choice of thermal simulator mode ( inverse problem of control type) 

3. Regular testing 

3/8 



TP 
1 

AR?: Study of Porous Cooling ( flight experiment) 

Porous insert Vehicle surface 

V ... 2 ,/ •. 2/2 ::ak .2 

coolant (nitrogen) 
supply 

Equipment for investigation of porous 
cooling 

T,K 

600 

Registration of Ti for 
another insert-was_ l I 
absbt I I 1~/i⇒.~ 

/ I _...... I ~ 
- --t- -t----r-- ,~ q_ ,...-··· . 

I I,. . 
I , 1 · 

·~ ·--+-,_./ I I ---_ , ... .,, ' . .,, .,.... ~ ... r~-~~-,~ ..... t ~~--r~ 1 1 ,, 

200 0 /() 20 30 T.$ 
Temperatures data 

Pressures before<Pt> and after <Pa> the insert, and pressure of the coolant 
supply <Pc), temperatures of outer (Tw ) and inner (Ti> surfaces, and temperature 
of supplyed coolant (Tc), and mass flow rate of coolant (f-tt') are measured 
values. 

n ,A·S' l,;Urves ana - - • 
,--/.,• • I ;a LI I I I 

N/m2 

1-----.... ~ .. ,---J. ~-+-, -! ••-+-•" ~~-----1,,,,) I , .ss»-
.pfl' 

0.8 t- - I / 1 I ----_j_;~ --~ 
I 

correspond to two different 

I/, 
KW -n,Z 

experimental conditions 

:" 

' ...-- -+--- -I 

500 1- --+---+--~ 

3/9 

0 /() 20 JO T,S 0 ·- -·-1t 211 3() T.$ 
Pressures data Heat flux determination results 



THE FLIGHT-TEST COMPLEX "BOR" 

THE COMPLEX FOR FLIGHT RESEARCHES INTO THE 
PROBLEMS OF AERODYNAMICS, FLIGHT DYNAMICS 
AND THERMAL PROTECTION OF FUTURE AIR-SPACE 
PLANES. 

3 

.; 
~ I . 

,Ji.:::, ~--· ,, _g ._ 
• ...1,.;:,,°',;..~•-····~ : :,_._,jj : -

..... -· 

1. Power supply source 

2. System for gas-dynamic 

stabilization in space 

3. Aerodynamic controls 

4 . Elements of ther111al 

insulation being tested 

S. Research equipm~nt 

6 . Rescue system 

7. Navigation and control 

system 

8 . System of radiotelemetry 

1. Launch 

2. Injection into 

orbit, separation 

from booster 

3. Atmospheric 

portion of flight 

trajectory 

4. Rescue on 

parachute 
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tile with 
sensor 

AR 8 Study of thermal modes at course of flight tests 
of "Bor-4" automatic re-entry vehicle 

B o r - 4 ............... .- :~ 

1 
\ 

2 
-••' .-

Tiles with different sensors: 

I . ........ 
termocouples 

Temperature distribution 

Heat flux 

Temperatures of outer (1) 
and side (2) surfaces 

Pressure 

3/10 
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AR 8 ( c o n t i n u a t i o n ) 

Direct measurements: 

T,°C 

__.....--1 I I 600 ' !.._.,-rfS- I 

I~ I I ✓I 
200 

O 5100 

P, 
mmH,1 

40 

20 

-

30, I 

SJOO 5500 5100 T;$ 

Temperatures 

~I?" 
IL 

_,.. 
,,. 

..:::-.1· " 

c,.,,....... ., . . .. · 1 

O S/00 
-

5300 S5tJO .s100 r,s 
Pressure 

Results of solving of I HCP 

'l,·10-s 
' KW•-=---

mz 
100 

50 

O 5100 5300 5500 5700 T.,$ 

TwoC Heat flux 

' 

1000 -------t-- - --+-----+------1 

I 
---•·-r:_-~--L',~ 

600 

400 
5100 

j 
5300 S.500 5700 T,S 

Temperature of surface 
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AR9: Study of stability of the thermocontrol coating (TCC) of II 
1 

multi-layer 
wrapper 

A' 

A 

spacecraft at orbit conditions 

plate with the coating 

/ ~~der study 

bracket 

supporting plate 

plug 

"--.bolted 
joint 

~ 
Solar 't 
radiation 

' 
y 

Meteor-2 

testing assembly 

+ TiK-----~---r----r~ 

' ·~ ,..,-il ~_!t,'); ~ 
i:' . 

~ ... ~·· ·-

+ + 
2.50 

,; 
1: 

' I 9"----+---i 

3/12 

IOrbit 

Assembly of the three specimens 
with different coatings 230 I I I ··i f I l r,s 

0 3000 6000 
Type of telemetering data of temperature 
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E x a m p l e 3 

Radiant flux 

The Diagnostics of radiation characteristics 

of thermal control coatings 

8 

IThe unknown quanti tiesj: 

~~J is a solar radiation integral 
absorptivity factor, 

[c] is an integral semi-spherical 
· emissivity 

Mathematical model: 
A plate with the 

1 / 15 

wrapper coating under study dT [ ] 4 Cm d't" == As is (T)+ <IR{T) +qe. ('t)e -E~0 T {t:) 

tJ.s 
CJR 
ctE. 

Mounting of a specimen on the 

surface of a spacecraft 

is a direct solar radiation, 

1:E{O,,:m), Cm=Cppli; 

i(O) = T0 

Bxpari•~t~l value■ of the temperatures: 

f(Ti)•Tl-r:i)+~i, 

i=iJI, ~ i are measurement errors 

is a reflected from the Earth solar radiation, 

is an Earth self-radiation 
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Frame_ 
(steel) 

Bush __ __ _ 
(teflon) 

--

ARlO: Identification of Heat Loads and Friction Moment 
of Sliding Bearings 

Rotating shaft 
,- ( st~el) 

There is sou~~es &f heat in 
zone ( -tf> o <:. 'Y <:. 't' o ) : 

the contact 

Q (\/', 'i) ~ ~Q ('t'). at w > 5 rad/s 

Thermocouple ~-.i,Lt,IJA 

-is determined from IHTP solution 

Spesific rate of heat flow: 

Scheme of a bearing 

Friction moment: 

mr~1l = kt p(i:) 1"(t), 

where /(f is a friction coefficient; p is a pressure in sliding 
contact; 

,Y is a sliding velocity 

EXPERIMENT: ,r = 0. 39 m/ s ; diameters of the bush: ¢ 32 X ¢ 26 
diameter shaft: fD 25.5 mm 

3/14 

mm 
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AR 11: An experimental study of the cooling of hot metal 
with water jets 

3/16 

water j~! 

~~Tl--·L i 15mm 
t 1-C - ~ --t 

The cooling of high-temperature steel 
strip equipped with temperature sensors 

.. . ... ., •• J,, 

water jets .... 
-.... 
Thermal treatment of steam turbine roto~s 

Tw,°C 

700 

q, KW 
sm2 

10 

-lt---1 G 
4 

500 z 

·1 

0,6 
JOO•------

0.2 

100 ■ I I I "J 0,1 
0 0.04 0.08 0.12 

Surface temperature and heat 
flux at cooling steel strip 



TP 
1 

T,°C I M1,N·111 

150 14 I ,..-··· 
I : .. 

l ,... :i 
/20 i;\ I-,::'-) 

.. 

ARlO (continuation) 

~ ~ ~ 
•' . . 17· · . . . j ... ···. .;,' 

.. : (t i_/ 

',.., ·' :T 
I 

1'.N 

20001 ---- •••• · /T(r)' •• \--...r•• .~•·, r . • •' ••· . • .. • 
I I I 

1500 

.. . 
• 

... ◄tit: 
. . 

M1(r) 

7f- 'l I ~ ,4-.t-. .A. 

n' 
-------■----■-\I I I 1000 

. 
• • • • • 

lV"( ,1. 

• 
:---~1-----➔------t-------t---"1 • 

~ 

0 . 20 40 00 

• • • 
• • • 

sooH- -+---+----.----+- 1 
• • 

'O l./llin 0 20 40 60 80 r:nun 
values obtained from the solution of the IHTP 
direct measuring by the torsion device 

Results of determination of the friction· moment 
(Pis a load on rotating shaft) 
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