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4,§purpose f,xagng‘ is a determination of the design solutions and
- parameters of the thermal protection and control.

General statement of corresponding optim:l.zat.ion problem'

Bppotr,

jrSeG ,
G={p gt(ﬁ T(Z,z,8) <0, i=4,2,..,2],
T(%,c,p) = AlT(Z,v,8),B]; BeR"

where i; is a vettor of design parameters;
G is a set of admissible solutions;
{ g i }f are physical and technical restrictions;
is a criterion function;
is temperature;

is time;

is a vector of spatial variables;

> B oY

is an operator of thermal mathematical model of system under design
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Direct and Inverse Problems
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WS L)i) H T P - Inverse Heat Transfer Problems

I H C P - Inverse Heat Conduction Problems
I C H T P - Inverse Convective Heat Transfer Problems
I R H T P - Inverse Radiation Heat Transfer Problems

I Cmb H T P - Inverse Combined Heat Transfer Problems




III.

Statements of Inverse Heat Transfer
Problems
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TP Mathematical Sstatement of this Problemn 1/ 11
1

Heat - conduction equation : T

0<x<B T G227 2000

or) 2 - L (rem) 2L =siphcig ‘////

Initial temperature <distribution : / ; : l /

T(x,D):zf(x), O<a2 s h ‘ / %f
X

Internal temperature history :

T(d,z)=f(7), DsT<T,,, O0<d<b

Boundary condition:

Unknown -functions|:

q (T)F-R—— o7

LA dx

S P e e

x=

)

1
PEB,_T)__. 0$T<Tm TW(T)"'—'T(D,T)
ax ’ e .
. @w\,l“ WiV \‘/
i
Heat balance equation : i q/Z ('t') = q (t) + 86 T (7:)
s (v)
Heat transfer coefficient : th(’f) = q/Z




What are

* Example 1:
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Diagnostics of transient heat loads acting on the heat-stressed

structures of flight vehicles and launching facilities
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Physicat exptan ation of ctl-posedness of THCI
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Coefficient [HCP (& example)

0T 7D 2T |
CCT) e % (A(T)ﬁ)) 04%4{) 0 < TLT,

T(xo) = ¥(zx), o<zl
Tlo) =T, (v)

T(47T)= T, (7)

T (d,7) = :)C(T)) PR AN
0<d < §
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Determination of Thermal Proporties of Heat - shield Materials
1/ 14

1 ( and others)

Example 2 : Simulation of the required conditions of specimen heating on

special test facilities (plasmatrons, jets of rocket engines and

others) with subsequent processing of temperature measurements by

methods of inverse problems.

7.'-5’

Hot gas flow
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A specimen of the material with
thermocouples A Thermogram
( S is a material ablation layer

at a moment T )
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Onedimensional Statement

] X
0 6b,(r) (1) b()  Ss3(%)
A two - layered A domain with
Pplate with Pphase mobile boundaries

transition : o o

1, 2 -~ the first and the second layers;
3 - boundary of phase transition;
4 - the line of contact between layers;
a, b - two phase states of material of the first layer
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>
\J " y
N . LA kt/ 4(
C. EIL - ._a_(k ZT ) + P. .%IZ'- + 1 5 (oc,q:)e Dj (T'), % ME Ldvcu,u&mm
d gr dx | ox J I i=12,3 SN
4 LL’V\/\JQ—(‘O\K \OJ@"‘ 97
I \\;:*M
mapuint . = — . - W VOL
C'o n+J u'd tidio s i otnldLTE 16 n s g | ﬁg
oT, aT. ~ 01
T, (n(z)-0,t) = T,( ('c‘)+0,7: o, =—L -k ——2I =¢ —
£ ) ik ) 102 |xane)-0 2 d=x x=ne)+0 0T
To(By2)-0,0) = Ty (B, x)+0,7) - Rk, 22 o
2( 2(7:) (’) 2( ) 0 ) 2 _— 6 z)-0 \,)wa%gj’,;
aT, 875 ’ oy | e pet T
...__ = i = et a.Jn\;w‘
oF 82 lx=b,(r)-0 3 0x lx=6,(t)+0 “\;@\:f“ AT

Initial

conditions|:

7;,-(x,0)=E-(oc), 12,3

J’:

B,(0)< 2 < n(0); j=2

i=1:

q(U)soc< 52(0);

j=37 Byl0)sx<b5(0)
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Volumetric heat capacities ([ J
Thermal conductivity k J

Convection coefficients P ,

d

Sources S ;

d

Movement of boundaries 61 " 52 ’ 5 3 and

phase transfer front 1'1

Volumetric heat of phase.‘transfer iy A
Thermal contact resistance Q
Initial temperatures & i (2 )

" Boundary temperatures 't J

Heat fluxes 9 }

Heat transfer coefficients ‘h J

*
Environmental temperatures T.

d

Bbsorptivity A

d

Emissivities £

¢

Surface heat sources 3/ .

d

of
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Additional condi+tions|:

T(d;,t) =filr), i=4N, d;€D, UD,U D,

Kinds of I H C P

* Resease Tius -
1 . Retrospective Heat Conduction Problem : {E P (x)} j=12,3 B 7
»T 2

2. Boundary I H C P : {tJ (’C‘), qj(T)I‘G.*('t‘),Aj(TM? ,T‘), (u:’, ),91(7"&,’,11:3?
,_? l 3 . Coefficient I H C P :
- A{cjla T, Rile,7 T (), Bla,T, J(oc’tr)),S AT
( 4 . Geometric I H C P : {B (’C’) (T (rv)} = ?

onk 4«— 5 . Combined I H C P

N
YNOYE




Inverse Convective Heat Transfer Problems

1/ 30

d

g

- Estimation o f turbulent

viscosity (.u'T and

thermal conductivity kT

. Determination of catalytic

activity o f a solid wall
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l1. Discrete form

S S SN SEED WS D NS S e S Sa0 S 0 NS S B B S S S S Em S Em e
A

3

f Heat balance equations :

§°
3 I

where (pd J is a local angular
;= f1e
coefficient ,

A 5 is an absorptivity ,

s

(i/ y is a known heat flow
An infrared simulator : 1

1 - test object

2 - radiative heaters

LA

"Radi ation intensiti eséio £ m o__fd;;lu;_l esJ; -

-2
J —';A"ﬂ

T S T R T L ,a,.. i (f 1y
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2.Continuous form

R/, aF /‘P cos 8, cos B
% " LEeﬂ(N) g{’;ﬁf'; NdF~=Ein(M):

MEF
Temperature fild :

T(N)={E{?&Eff_(’."”£i"]}l/4’ Ve,

wjcineuh

f

Pt U T
1 E E wacel o : —-—
where e4f in 2re half-sperical densities
A closed system of bodies : of effective and incident radiation
respectively
1 - diffusively radiating surface F ;
2,3 - normals to the surface at points

M and N , respectively

Temperature distribution on

T —— e S——— . Pt ¢ o 28 81 » = - —— ——i

J ¥ 7 7 {77 ¢ ]

heater ( T(N) - 2)

body surfaces T (M) - ?

treated body ( T( M) 5 C}.‘es( M) are given distributions)

Smh u\‘v&;’\‘:{ ard_ ln\___,bé\(p \Q w—{r&qu
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1 . Inverse problem of heat transfer in engineering systems

R A SR S S P ST T m R D I G G OGP GP @b = Gh T G O SN O Gn WD SO S G G S 5 G S Gm A G WS G SR 0 S D N G5 En O S5 S -

! / Heat balance equations : A ,J’
4 madle _ P
i dt Z 'el](T Te)* J+é Ei QI ;(T ) vat 4

Tg(U) T, £=ifn, O0<TETp
Direct measurements: :

7}(1')=f£(fc'), l-1x , xsn

* C_e is a heat capacity of node £

* N ‘eéf is a conductive and convective heat

e K
' szﬁk-;n‘ exchange coefficient between
A system of Dbodies GV .
o o nodeg £ and J

( the heat fluxes are
* 5 2. is a radiative heat exchange
arbitrary shown by arrows ) J
coefficient between nodes £ and ]
* Qg is a heat input from space to node
and internal generated heat power

within node &
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1
7 b | AT dav(if? vad T)- divi
/////W - / e wdinrt
e 1‘4 A y = f j/é I,Q d[ v , i1 gfu_}(/ff]j
7 \ ) ) 3
'egtad I') =(Kv +‘/~)’v)[_1.v (Z)P)”"(I‘SC,‘)) By(P)-f-
Scy / _
A gowew Ly i i 1,(2,P)8,Z2')dw
(\*-“ i \\\( —.equation of radiation transport ,
where: \ NS \,j::« “’j\ﬂ:

- WY cot

91 is a rad:.at:.on energy flow vector, I R is a radiation spectral intensity;
Z is a single direction vector of radiation propagation in point P -
K,g, ﬁ,’, are coefficients of absorption and dispersion of radiation with the
frequency ‘\) H SCV ‘/5/9 /(KO +./?’9 is a Schuster number;
B,g is a spectral radiation intensity of the absolutely black body:;

64 is a indicatrisse of dispersion; o is a solid angle

Input data: temperature measurements in the body

C(T) and %®(T) are unknown coefficients |
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T Thermocoupies

Energy equations for solid (s) and gaseous (g) phases:

aTg N d fz707s ) 'hv et b
Csafr ax*ax) lP(T =T J.-F i

T LA/
70 (pCp) gk = o oy 3 )_(PUCF)Q = PE(TS'G) ’

xe(06), 7el(0,Tml]; ] vy boc

UAMEAN ST Y

Initial conditions:

Ty(x,0)=54(x), Tg (x,0)= 53 (x);

Boundary conditions:

A . porous cooling . :

1 are temperature -
8T, (8,z) . aT,(0x) — &
sensitive elements —@_a;i =@[Ts (6,’(.' -Tg 0] “ks x 7/('55:;
82T, (8,7)
'k ;
('PU'CP)QTg(B,‘t)z(Pucp)gT?o o[T (&'L‘ 30] Ao 2 =0;
Darcy modified 1law : s c(x =OC(&CU')9 +/3(PU‘); ’
Equation of state for gas : = /@y M,? /83f4T3

|

P'v'(ﬁ. 9SS UANL_
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C P is a specific heat capacity at constant pressure;
1 1is velocity; P is body porosity; P is pressure;

P is density; c“ is viscosity; M is a molecular weight;

ol ’ ‘,6 are hydraulic coefficients;

T? B is an initial temperature of the insufflated gas

Measurement datal:

Teld;,t)=fi(t), Te[0,Tm], i=iN, N2{, D<d,<d,<...<d, <5

R € Lo ] Wi : R
dhU:nknown Y causal “echaracteris tii'cigy

heat fluxes q/("C').
thermal conductivity hs (TS)'
inner heat transfer coefficiients ’f’lv of the porous body,

heat transfer coefficients ‘h 0 at a coolant inlet into a porous body




IV.
Practical Applications of Inverse Heat
Transfer Methods
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X

*NON-ﬁ\JJ‘"i‘/ATIONARY H E A T D I A G N O S T I C S

" e / .

S — |

W~
Ln,y\}",
V N
>

R W 3 oo A A o S
AT G Ag A

‘-

Schemes of one-dimensional sensors of heat fluxes ( the heat-insulated boundaries
f—— 2

are arbitrary outlined by shading ) é

The determination of.  functions and parameters included in the boundary
conditions ( ‘h = R . A s E ) can usually be reduced to a boundary

inverse problem.

Example: heat transfer coefficient h ('C') - 2

f(t)= Qw ) /[ T*z) - T, (7)],
w here T* -- characteristic ( recovery ) temperature of gas ( liquid ):;

Tw ~- body surface temperature;

4
‘}w('t):Q('t)*edTw (T) (q,('t') andTw(T)are from I H C P )
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} 9,(1) 9:(7)
0

g(t) ‘
X I X
O L == =

Semi - indfl.n":lt.:t_:he Solid

Hollow cylinders and spheres Specimen with wall of variable thickness

o 0N o- points of temperature measurements
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Unknown values: .
ha, &2 - a local coefficient of heat transfer A (TW/T*)

- an integral coefficient of the surface
radiation (emissivity) ‘e (T, )

If ﬁl(7)=hsz)eﬁ(tz‘)’ TE [O,Tm],
CoOMmM  C.OUA 4

and FEI (T') = €, (f)='6(€7?~‘ TE [0;7771];

The scheme of a sensor a heat balance equations are
with two sensitive
elements 1 and 2

A(T*T,,)= €8T + G4

(1) <

4
L ’h(T*"TwZ)= 65Tw2+c}2 , TE [O,Tm]
Tw1 (T) , TW2 (f), 91 (’C‘) y 92 (T) are obtained the solution of IHCP
Aftexwards A (1?) g (1?) are obtained from (i) for each moment T

{hee), e@)} = { h(Tw/rx), e(Tw)}

l;éﬂi, O~ iﬁ*«& SL—Zex, R~ %afﬂcfbwagﬁjﬁfﬁa— a dLd L UG
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The diagnostics of spatial-time boundary 1/43
conditions of heat transfer

Descrete one-dimensional

A two-dimentional sensor

sensors (1) for reconstruction of heat fluxes:
of the spatial-time distribution 1 - thermocouples

of heat fluxes

-

\
</

aT _ @ (k g:)+ a {k aT)+ g(,y,T

oA
\_a source

Where b is a thickness of plate,
T(SE,'J,’C)is the measured temperature field,

Q(x’y,’c')is an unknown value
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" \ THE RECONSTRUCTION OF .TEMPERATURE. FIELDS AND HEAT:FLOWS .

points of temperature measurements: {.TE(T)}i

The study of thermo-strength of
materials and structures

Example of a structure

* l THE STUDY OF NON-STATIONARY HEAT TRANSFER .

U(T) T(7)

joint problem of heat-and
mass transfer
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1 materials
Qry oM
Char
layer
t"' A ‘.';'.‘v N - LR
Yo "'1'.90'0' YN
Pyrolysis 0‘&’ .“v‘vw ; ‘1 ‘
zone ‘ 4|"¢VA‘ ‘ .A.A’ 't‘
v' X b \/
‘I; X .1» sA‘A’AQ’Q Q’.”'
Virgin N
material
Porous cooling thermocouples

Heat protection (char-forming) material

o
= + +
Ow = Gex* § * Qpncn * Do
where qw is a rate of heat transfer to surface by convection and radiation
(0 - with no account for injection),

Gy = 56T“4, are radiative heat losses on the surface,

q, is a net heat flux in solid at surface,
q'ph.ch is a heat release or absorption due to physio-chemical processes,
qg( is a reduction of the surface heat transfer due to blowing,

‘rhc is a surface rate of ablation;

mP is a rate of depolymerization of the virgin material
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TRANSFER PROCESSES IN ENGINEERING DEVICES

Identification and correction of mathematical models of
engineering systems:

* integral factors of absorption A and
hemispherical emittance £ of the outer surface;

* coefficients for conduction and / or convection
between the selected elements of the module;
and so on

* determination of thermophysical properties and kinetic characteristics
of heat-shield materials;

* determination of temperature dependence of heat conduction
coefficient of a cooling ingot during steel tempering;

* determination of properties of freezing-and-melting soils;

and so on
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w° CONTACT HEAT TRANSFER STUDIES
o . ; aghesive
joints

e d o G A AN 2 ¥ ¢
T T S T
- _

Rivetted and bolted joiﬁts Hinged joints Multi-layer
thermal shilds

EVALUATION AND MONITORING OF THE OPTIC RADIATION CHARACTERISTIES

v . * 73 - B ke m e Ay R e € L ik o B 1 WS P W e g B T B 3 s i
R ERRO. - T Sl TR s
N . N 2 = R Cas Wi oA
1
3

Optic radiation properties of the spacecraft outer surface, radiators,
solar batteries ets.

i

DETERMINATION OF HEAD LOADINGS DURING FRICTION

heat release during friction of two solid
surfaces;

heat trasfer influence in the friction zone
on friction mechanism;

* friction moment

Bearing
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One-dimensional thermal mathematical model for n-layers H S
) 4»/} 8! 82 63

A
\\u\ \) W)

coolant g'(t)

~H

0% X Xz % K» XOX,0

Scheme o f H S

c.(T)@=5%c_(kj(T)-g£-)’ (,T) €D,

P e ]

R D'={(x"t):xj"1<x<x' ; Xp=10; D<T$Tm}7 j"'f,n’j}

i d d’
& o Z)
) & e Cn(T,X) % % —(k (L5 18 )+ P(T/y) +s(77/gj)) , (x,c)€ D,
"N = {(x, T) ! X 2 < X(r) 0<T /xc'm }’
where ( f‘ 1: is a parameter taking-into account dynamic character

of changes in the properties of material during heating

and destructing ( for example, {: -—g—:cl; ):

X(t ) is a moving boundary of a shield
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ML +9y(0)=0, | [k, 2| +Qn(r)=0, |
ok \ | 1 Ooc /x-o * 90 ? .\‘ n da x"X(’C') n » )
y\L‘J\ | L= |

O '
\Q%tial conditions : Tj (x’0)=gj (), j= 4.3 »

—_ Boundary conditions : J/j/ ¥ g
\ — T NN '
J(/\’ \_/Ct

; ,/
~ Go ()= h [T (0,7)- Tepotant 1|, ) /

— /
4 (= Gul T 2] €0T (€)= Gpuen(Tu (0).7),
Weat transfer coefficient; TW (t) = P (X ('C')"Z");
q/ ph.ch is a heat release or absorbtion due to phisico-chemical
processes on surface

-\ 0 Y ) : o
el S % Jﬂ)
rju_j o Nn;\? ) ‘ Lff? "%/‘7 \ﬂw
Conjuction conditions : y - il V&,&}:\ ‘__V._i“’ ' ( 057"
8T /
. .- = . L X 5 —in ;’ . _
Tj(x; 0,t) Tj+£ (xa+0,'c) ‘__\Ra s =t wej-0 j=1n-1

/‘/

e

—

BTj4+4

p. 8T /
6& x-xa-+0

= | = .1,77-1
3 ax :x-xj-D D ’ J

_ kjﬂ
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e

Unknown solution

-

{ number of layegs; types of materials; thinknesses of layers B Bn }

27°°-°

: Specific mass of HS at given point ‘% of a surface

Pa:

where P} is a material densxty of 1ayer J

B¢ is thickness of a layer J at a point 7

d

max
on admissible temperatures of layersT}(OC ,’5)573

-e

se
.;—
Ly

Restrictions 3

LY

3E

on ranges of change of unknown parameters;
m max
-=x on coolant heat capacity f CZ/O d’C < Q
v}

This problem is a combined coefficient - geometric inverse problem
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SETIWI0 . 'S U B:P'R.O.B:L EM § 5

Determination of the thicknesses vector Ox = J J.eg

N\
250>

of layers for given materials and number of layers (geometric
inverse problem)

E; min m, (6, ),

B,€G

G ={B’ gi(g, T(x,z,B))<0; i=12},
T(x,c,8) =A[T(x,c,B),E]: £eR™!

This subproblem may be solved by penalty functions method in
combination with gradient methods

3«\"} 2. Determination of suitable materials and number of layers (this

subproblem may be solved by the trial-and-error method)




TP Design of H S (continuation 4: egularization of geometric 1/53
1 inverse problem

Smoothed curves Values of thicknesses, obtained by
solving above-stated problem < N
N WD
~SUN = N

AUTUMRYG

‘ Modified criterion:. ; / XC )

\ s ) 2
(s)]ds f’g:ocjj [a:;-”)(s)] ds,) o;i>0, j=2n
0

.......
.’
e

"1..' s g
- r n
M (B)=] ]2 p,&
(be) J; 25
d
where § is a contour - -length 6f support (i.e., at x = 0) surface;

XJ is a degree of derivative choosed for j-th layer

‘ Simplification :. oC2=d3= ...dnfd: fz=x3= ce. = fn-* 1 or 2 A .
o

\

Choice of parameter ol :

Lopt ¢ , M(xt)=- Mmin ""AMa—»m:;n ,
where M(OC) ='[) [12::2 PiB;c(S)]dS;

AMa— maximum admissible deviation of linear mass of H S from the
linear mass, corresponding to initial criterion 771,

—
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General Operator Form of an Inverse
Problem and a Little on the History
of the

Subject Matter



TP Difficulties , arising when solving inverse problems

1 /17

General formulation of an inverse problem in the form of operation

equation is

Au = f, ue U, f EF) (i)

where i“u,] and ~fﬂ1 are unknown and observed elements respectively
( vectors , function or vector - functions ) ,
U ’ F are metric spaces ,

A - is a continuous operator .

o~

\‘The Hadamard conditions of well - posedness ( 1902 ) :

R e S G A D e R S G e En o S e B S R S s G I s e e e e 00 N I N S D G B S e e e S e

* Solution of problem (i) exists for any fé F ; @)ﬂb%\ﬁé
* jt is wunique in U ; Lw'\,\(-{kﬂ-wﬂfﬁfé)

* it depends continuously on f . 5—&—1,_&%&_’:3

If at least one of the requirements is violated , the ( i ) problem is
called ill - posedi. This is the very situation , which is observed in

solving the I HTUP .




A Little on

the

History of the

subject - matter

1/ 18

Problem

Reseachers

T1ime

}3dkbbﬂ—Aayﬂ

Historical climate
and heat conduction
's

of . Earth ground

layer

Detemination of

unsteady heat fluxes

Fourier ,

Kelvin

pust

Mirsepangd T.7.
Stolz G

Beck J.V.
Aldoshin G.T.
Golosov A.S.
Zhuk V.I.

Alifanov O.M.

Poisson ,

pre"

sk 7

(by ©

19th centuary

‘a .f,,ju-{‘{,(t{;
i of e
LU onlW o )
r aCC*

ﬂ'gﬂ 1958
1960

1962 and later

1968 and later

1969 and later
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Application of the Shumakov N.V,. 1955 and later
principle of regular

regime for heat fluxes

recovery

Pseudo - inverse heat Giedt W.H. 1955
conduction problem Kastelin O.N.

) 1956

Bronsky L.N. g sd-b”'-

- g dh T 5 N s Tp D

?Vj'ﬁf!quLi pro o C

Heat conduction problem Stefan J(’&$.%c \/’rjféT£J: . 1890

in the Cauchy genera - Tyomkin A.G. 1961

lized formulation Burggraf O.R. 1964
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On mathematical methods to a solution of ill-posed inverse problems l 1/ 20

Method

(Statement)

L\, 92
\ ASY T

Researchers T ime

g L'\qg{// )

®
*
*
o
P
:&/\
%

[
-

P
S | ””'FCM 1926
1943

TikhUﬂOV A.N. —} <. NWL% EJ '
M.

\
Carleman T.— }\\%

7

%), A |
Conditionally - Lavrenitiev M. -:Cy%$u¥nbﬁvy 1953 and later
- t¢{7
well - posed problems Ivanov V.K. L 'jfp L_b 1956 and later
; \-_,4.)' AA [ U R
John F.Eawa“?&;, c | 1955 and later
N '-'L‘#"“ | ) 2 e
;TmhﬁqyﬂmAhw¢
A
Integral equations of Phillips D.L. 1962
the first kind Twomey S. 1963 and later
el et
Reqularization /7~ Tikhonov A.N. 1963 and later

method ( variational

principle )

lterative regularigation

Lavrentiev M., Ivanov V.K.,

Arsenin V.Ya., Morozov V.A.,
P

Bakushinsky A.B., Glasko V.B.
Alifanoy 0-M, ob 1974 and Coter
Rumyantsev S.V. & ""’*3—-*“;‘-*‘““”““0”\@

QYL

| R
UL AY ‘*"-’9).\
bl B

—_—
[ |
B -
i N ~ a (! d
é ‘!_—-‘v 9 u—<‘:_ :

a“r
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I N U A T I 0 N

)

- for solving inverse

heat conduction problems

Iterative reqularization

method

Quasi - inversion

method

Artifical hyperbolization

method

Tikhonov A.N.,
Glasko V.B.
Alifanov O.M.

Artyukhin E.A.

Alifanov O.M.

Artyukhin E.A.
Rumyantsev §.V.
Mikhailov V.V.

Yudin V.M.

Latt'es R.,

Lions J. - L.

Alifanov O.M.

1967

1971 and later

1974 and later

1967

1971

1/ 21
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1
Approach Researchers Time

Shumakov N.V., 1955 and later

* Direct methods 8tolx G. 1960
Beck J.V. 1962 and later

* Trial - and - error
Kozdoba L.A. 1968 and later

method

» Linear dynamic filtration

—

Symbirsky D.F.

M.,

Matsevitiy Yu.

Myltanovsky A.V.

1976 and later

1977 and later




VI
Principles of Solution for Ill-posed
Problems



Principles of Solution fov I{l-posedl Boblems

L. Conditionnlly well - posed ctatements
2. Apprvoxtmahon of -the inverse operator A by
a«famtéy of continuous o/oemfmvs

Au=§
LA comlitipnatly well- FOseo[ ongfam <tatement : C
Y asobulin 1€ M <D i b

i

.?) a colution a uhig e

3) a solution (s stoable for f Seaf €M

A class of webl-posedness (mccepfmé& so butipns)
g }”\J l’ Lp w

B
9. =~ self-regularization” éoaweat methods )

— Tikhonov's Pegu@amaahom

Sources of the self (naturel)-reqularization ;
) a tveguﬁari%ah'on effect of heai’thﬁ

2) "Wrscous” Pw/aemftes ajf campufo(%mnaﬂ
abgorithms - - ) g.\\V Uﬂmok

Y\J?{U~ A{p )\7 nw" \p&\w\



S'Jcep Regularization

e
W A Rl U | JJ}&/C/
AP W TN
7 / :
| NS
-
i
A7, 2 z
AppromeaﬂOns
AZn ='Zn"Zn—4) n=42 ..,N
G A T()4
) < AT {] il
. =
!
:? v T T

KT,J sl D\O’U’\'\ S0 L@\é«\ JXT Y €50 l&\\/\ﬂ udb\; iﬁ{ 5'3/‘,\ S\C \1\‘
Ve lahve g Aol s W daln

LSCOUS voperftes of A@gom%ms
— a cholce of axfpraxcmai-mn steps

— wchocce of +he 0{@ ree c}[ olynomial  etc.
\\,\ a0 (&Wvl’)wx—LV u,r\,w ubbw\ : LL

X e¢ )\«L,\«‘-"[\-

V*_,L.’\ B



VIL
Regularization of Unstable Problems
by Tikhonov Method



Tikhonov Regularization  Method
o P
Au=F, uelU, feF

A™* s the inverse 0/.’)8!"&'[’0{"
IS AT s boundled : LL:A"‘{_
But A™ is not oligatory continuous (1)

)JW\UJ/"‘ ’(,va
Regut?amzm? oFemfor Rt i A iy - scadu
L (Dpy=F, 6 d>0 5 2. Ra is tontinuous in F

—_— , e e 1
B RGAR 5T 8 ot regoising post

| {Ah ’§5} —are SOme a/})Ptvommahons {A &}
\“‘* ik» ﬂ-‘ % 3()

erf)’ d%“[/lh A sup P (Aw Au) < hL O)
uev
4, G {8 l’b} Ls +he etror 0} m}gu,t dato
@/ % 70 %
f-0



Requ batizing  operator:

4.9 & >0 | ho>0 : Ra (s specified for >0
and An, 45

P85 §) 2528 | dy (AnA) £h £ho

., H O(:o((6> . @im Lbo“é) = U

G->0

Regw@wmz—mg aﬂgomi—hm = Reguéarémg O/Je'tmlw”
d} S0 ah S wad S 2, g~ Mlﬂod ,}0'{/ oi seZectwm >
\U(IUL (‘\ 'Ju\/)uf‘Sl ‘\Q SWL&M
\\(\ &vi‘(wg VS C
oo\ A

i {Jjug,'k [ Hklu’b“\/
Variational  method fux) oot i Ruesi

A s
ngD'/thﬂj '{M”Cf[ﬁnae \f@t‘i;}iuﬂuﬁk N\/\'\] E(Jﬁ

Py L, A g1 =(p2( Aujt)wngu{ Hem)
dypm,u} &
where PF 's the ‘PeSlduoz@ h ~Hw .C/D&zce F }Wh‘“V“D

\'& “{’ DCQ) 4 the domon of QL ul;
N °’”
r\‘x\/r Wy A Se[ul v Si’M@L&%mg funetional
\‘1 —Me=4 u- Q[uléc} L20 =
= compact n U
EXamee: C/) = PV(LL,LL*))
Pv(ubul) = PVU’”,”.Q




i A s continuous | <ingle-vatued and m/d;#iw)'

Qrul s n’gorous@:} Convex ;

Y LeF JUd €D () : Vrb)Ll'n P, [ul= CPOL[M)
ol >0

Procoduze Sor minimization of Py
+ @ proper role for choosmg oL LS
o reqularizing aflgorithm Sor

an ll-posed proflem

[terative Requfarization
is another effective methoo for safwhg

1:66*/70560/ /D%O—g Zems ,\‘\{,wb‘m Y\wﬁa}i N
e 2007 N

Ho v




VIIL

Methods and Algorithms for Solving
Inverse Heat Transfer Problems

Direct Semi-Analytical Methods



METHODS OF SOLVING ILL-POSED INVERSE PROBLEMS

Universal methods: a priori information of most
general character

Examples: Tikhonov’s‘regularization method;
"""""""" Iterative regularization method

Problem-oriented methods: spe@ific data on the problem

Example: Direct methojzi\

Boundary IHCP:
1. A boundary-value formulation.
2. The Cauchy formulation.

3. A variational formulation.

b\\(\u} }\f (b [/{.LJ{ 1,\«1_)-\{”‘«': 0b.
o s alarizahin dy 3er-i- Onelyficed batna
kg% _
/)" UJV\W‘;" 0{-/‘ "Y]\_}/Y\JJL”I/IV(:O-/Q 5;/\/(%,4
3 kel \Qﬁ/;)u&X o m_,,{w



Direct Semé—-ﬂnax&&fféw@ Method

Boundary ITHCP

dT 92T

— =

0T dx?

where a = const > 0.

sy X & (O,b), TE(O,Tm],

T(x,0)= ¢(x), x€][0,b]

oT (b, T)
0x
where \ = const > 0.

Phan
=q*(1), 7€[0,1m],

Td,1=T*), 7€[0,7m] 0<d<

MOC

q(T)__: 370, /3%, — ? \‘\ ‘(’, 7\/”) LhUW

BOMMD[Q ﬁf‘\ Aﬂ&e ,g'ba/tement ”JL 7}/,@ Lh\/g/vge pr'ogfem
%»{jw

]
7 T = 0 - X, T
Mx,r)- [ oa@) T8 yre [ ga(E) R AT e
0 oT 0 oT

Where 1 [or 30-:*-3% 2 = (-1)f*!
dx,7)= — q— + + )

» T)= - 2
A ') 6b m k=1 k
/ i

/‘ X exp[- k2 7 -a—:]cos(kﬂ b;x )}.

(’7 \\A\W(\
oo

S &X’Vl;‘f @({ﬁ O\u




Integral Fovm of IHCP.

T
u= | u@®K(-5dE=1¢), 1€0,1m), .W%( W
0 .

I A
u(r)=q(r);, K(r—§)=239(d, 7—§)/dr; /3 i /
(r)=T*(r) T*)a"(""”"“)d A f ¥
)= T)— {)q 63 37 . \/N

¥

\L\](

=l ™
Instabclity of Lhe progfem; i

Jgﬁ ?

ag (vV)=u (v) 4 du (1) r\% b

Au(t)=C sin wt

u(t)elU, us(t)=U

(2 (0) K (v—8) @i — [u () K (v—1)d
i §

0



\ A Approxi,maﬂon/
{

Lb \(J
J T
R Aus= [ u(®) K(r-E) dE = f(T), Te(0,T,]
uju .
TN\
/ ATn—__—_Tn__Tn_l’n: ,m

/ AY

P A\
ﬁ_. (in= U (Tn~ TnhzTM)
0 .-K’E Un Tm 7T
.\) '\/ o * -
1 A 2 xAIS‘ =Ty n=1, m,
\X{\G*\f}k{ x—lu "

o

where f, = f(ra), A%in= [ K(m-§)ds

Ti-1 codwr i ”’JW
: //WJ 4 /L <
K(T- g) /'\7:(, LQA/“-’-}A[ 1 e
/r \ W
g 30(x, T — £) S
T, 1)= [u(%) 3 dg
0 T

A’\Zn v[d/ Tn- L-'i] -’17],_0(,,1',,»1’,;]



NP SN— . _ T i
" ifgns'tan{: time steps: Al= —l) =k
) Lo

A'O:m, A’lﬂi) N = A"};n—nu, m

m%,- = A%, = V(d, AT (n-1+4)- V‘(o/AT[h«t))

A

\ ¢
\3\”“ %\ AV AV,
k‘\ A'ﬁ:‘?/ AVi A’]}O

o~
. \\ -
NN\ N

A'l9;n A%-i . "\A]?\A'lg&'\%

L .
\’ m coeficients tnstead of M(m+ ‘



Tl § W= .

f 0T =0 §

| -4t 0| T
| | o
0 d § x
A'\%-— = T(d AL(" L))lqv =W, ’leva

det AA >0 = AA
J n-4
{ A ) R

\(Ew«ww veks L‘H(M YW

\/V\*T‘Uk h U\’ﬂ S
AVi —= 0 (T)
AT=0

skl Ser swell 4T




STEP REGULARIZATION PRINCIPLE

Cribical step values
(the kernels have ma mums)

Li v L ‘6
L")/wz}/

AFbcr AFl)sm AFO

rfoeer =/ Fbe
K§ s, % \ OL(“C-L‘)*

b ; FUE =\ JBZ ) A
" / (\ J z,»‘;}/c
| LV O~

) 4= ol ov 8

0 T i i d},

é < ATer v ‘?U}:gf ,thwh =
Kernels of the integral AFD@ = AFOecr d )
equation

Pseudo - inverse problem
0 Ky
;
'IW b AT '? 0 U '
' )m ‘ Q@/V@p/ we k?u’ a} s ket
1,1); l 7 %Bﬁb\/(’ bU L O~ ! ((J ko oAidq
AFOe“" }K\‘.‘Eo”' for a piate with a
thickness b
0.12
0.04 Abog > aboser
= O 004 08 d/&
ok o i m?f& dww Oilhuyitv £es
'qk//augﬁ L/L‘



A Y = BZ FO*x/a

cr

K1 Plote, d>o5f, %96
% z

£y

P ATer -

f%’wmx \6‘%&5@  d valies
; wdd !

A~ AF06=0,77
o ‘AF06=0,7Z .




Ferturbated Impmj Datw

A~

()j\/f. Prve,gt‘mﬁnarg s‘moo'éht'ng 03( the [MPZJ" ’fempem%me O(OLZL&L
0 J
0V .

7. Matehing of o temperature residual with the ]

measuremenlt error

Tm
m=—§% : S (T (dr9)-§ (m)]zotr = Sﬁ)
0

Tm
where 8{2_—1 S 62["[;)0“:’ 4&%
C

< T Udg
TWO"alz'mens[anaﬂ IHCP e, S

General form of the recurrent algorit???@

<l Jﬂf., W
n-1 - 7 w [)\J

= M
v a (e JELR) n et o T

where u  are vectors of unknown parameters;

fn are known vectors;

As, s = 0, m-1 are square matrixes;

m is a number of time intervals.



Two —dimensiona b Ptote
0 9/x,7)

s

SISO XIS HIR I KK

Sttt rueese Y

0‘?.0.0‘0.0.0‘0.0.0‘0‘0
=
o

&

oT °T o%T
SN =a( + 3 2 ), XE(O, b), yE(O,d), TE(O,Tm];
y )

or dx?

T(x,y, Y=y (x, y), x€[0,b], y€][0, d]

0T (x, 0,7)

~ A ———— =q(x,7), T€[0,7n] = unknown function;
y

OT(x,d, T) 0T(0,y, T) OT(b, y, T)
= = =0, 7€[0,7n],
dy ox ox

T(xy*%1)=f(x 1), 7€[0, 1], 0<y*<d

In‘tegra/@ fovm of the ipverse problem:

T b _
= [ dEf q(x' )G (x, y*;x,0;7 = £)dx' = f(x,y% 1), (47) ,
A 0 0 . .
(TOU\/L: c’ﬂ J(
TE(O, T™m ], XE(O, b), VU y 1(1 \(/‘
i 0‘ U { j '/)
where b d

[, y* )= f(x, 7)— [dx' [ Y, y)G(x,y*x, y;1-§)dy';

&NW 0 0

kx I rex rox’
G(x,y;x,y'; r—$)=— 1+22 cos cos X
bd pao] b
2 _2 I ’
ar“n° (7 -¢) o roy rmy
x exp|[ - 3 J ] [d1+22 cos cos X
b =y d d

arznz(f-—s)
X exp[— d2 ] 2

where .
G(x,y;x,y;7—8 s the Green's function
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IX.

Methods for Solving Linear Inverse
Heat Conduction Problems for
Bodies with

Movable Boundaries



METHOD OF FICTITIOUS BOUNDARIES

Let domain Q contains another
domain D. Temperature T(p, T)
p € 3D 1is known.

Four stages of the method:

1. Transfer from domain Q@ and D
to new domains @ and D’

Qc, DR D 3

Q -D° 1is the domain of simplie form,

2. Solve an appropriate direct problem in-ﬁ’:T(T)laD.,q(r)IaD,.

3. Solve of IHCP in Q- D': T_(t) = T(T)]4. -

4. Solve a direct problem in Q@'—- D' and define the unknown

_ boundary conditions at Q2 .
LQ ‘Examples of application (bodies with movable boundaries ‘
A

EE.One-dimensiona1 prob1em» 2. Two—-dimensional probiem

) 4
: U@{\,})wag !

fictitious Boundaries

N -~
:/ \ e
E/’ X (%) %M &m J&M
4
|
[ p | 10

NG YA VAN

Moving bdﬁndarfré with known The rectanglie OABC

temperatures is domain Q'

Voo
\ : ‘ka[ J
"l§



X.
Numerical Solution of Nonlinear
THCP



L}%1A7621:f%{;p

_

i

AT Lk(é &

{ /{L‘ : U‘LL’ /P\
» & \m OLUT;&)\% oF BOUNDARY IHCPsS BY DIRECT NUMERICAL METHODS
, S W) , ’Slé ) ’
* : ’X’” ,L\Ul“l' T 3/ ar
S o = @YD), x€(0,8), 10, 1m];
(D) ar  ax 3x

T(x,0)=¢(x), x€[0,b];
T(d, )= f(7), T€[0,7 ];
OT(b, T7)
- MT(b, 1)) g —E g*(r), 1€[0, Tm ],
where C(T), A(T), p(x), f(1),q*(7)
T |
T

Thed [
Tn

Th-1

-~

3
0 ‘ x 0

Explicit shemes

= &2
2 :I_?—_j }—o—o ‘ ;f "‘]’,E:D-
88

X

Implicit sheme

Condition of weak stability of finite-difference solution of
IHCP:

Hu Wl=c ILf Il ( 5)

" is a positive constant, depending on parameters of
approximation.

where C



Condition of +he weak st &'Ef@:
55 Jlf,AFo Mowoble - =
m{\)’

§7°K gchem% v1scoswt¥,hs a_regularizing factor

The first differential approximation of a difference scheme:

T Ar O°T 2T

K7 §Wﬁ__i o

PR

VUUQA <S&I#Qﬂ;ﬂcél

) J A l"\l 5
Ynuﬁvﬁv‘? Su(uf) QXU/ ?
H!jpe%goew heat conduction ecyu &Jyjjﬂ
w? 9T a’r s T {\ (LQ)F' 1
. & =w _
a or afz axz

Semi-infinite booly, the Jz'rvsz‘ boundory - va&ee }Dwé’

T(1,Fo)= Ty (Fo—s/ Jexp[ ——— ] +
Vv 24aFo
B Fo Fo—¢
S Ty®epl- —]x

&W i '\ vV 28F0  aTeTa

/\L Dﬂ éh\ (Fo—g)-—AIo/Z) 5‘

rr g dg, AANAY
V (Fo - £)® - AFo/2 : G\\

==

‘{

where TW(FO) s the suxface temperature (T(0,Fo) =T, (Fo)); =

'I.(('J) s the modified Bessel's function of +he fivst kino
Iﬂstcv:x 0. Ei]

The implicit difference scheme possesses higher viscous
regularizing properties then the explicit scheme:

A Fo__= 0.01 - 0.02
cr




PRELIMINARY SMOOTHING OF THE INPUT TEMPERATURE DATA ,

It is advisable to use algorithms of smoothing which give
uniform approximation of the function and its derivatives.

q,K W/m?

«-(Z v
~A— | !
\|

T

0 ~ 700 W0 - T Explicit scheme

Recovery of the heat flux by the expllclt T-type scheme
in mentioned points of re-entry vehicle: is a true
solution. Error of input data 3 ¢ ( vt ) = 0.08-T

\/

max’

A Fo,= 0.05; Results: eeses is for smoothing Tgx( T ) by

the regularization method of the second order; == —-— is for
smoothing TS(r) "by the least-squares technique (by "five

points™), N = 103. ¢ A 1:“
. q-m'f.W /m? i
] g5 3

\_J)Y}'U\/‘NAI ‘\-U) " ' /
3/ .

‘\./0{ . \ “_;.;1 \ %-
f oM 8 T

Xﬁa T 7 N

\J - W A . . .

&gu\/ \\\\& 0 0 7,9 0 Tmplicit scheme X

AS{ Recovery of the heat flux by the implicit scheme:

2
O) b=0.002 ; a=0.4 10 °- 0.143-10"°T + 0.408.10 2 T ,—’:—;
A = 0.72140.288-107°T, 2% ; —— is a true solution;

eecse jis the results of IHCP solution, AT = 0.4 s
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Artificial Hyperbolization of Heat
Conduction Equation



rtificial rbolization of Heat Conduct' uation
in Solving a undary Inve

- t.\\j\ Y\“‘M’\ d\‘“ po” “JU
\%pﬂ aT a’r 8’

‘\ |?’E+aﬂ; 2=a > xe(o b)’ Te(ostm]! (9)

fy
K\ \y\ % ot ox
-\}% @ ] :

\

\\\Bﬁﬁ /\D\ where parametexi‘g a) corresponds to fictitious relaxation time

\ : Inverse problem: it is required to find function T(x, T) if

aT(x,Tn)

0, 0 =< x < b; —_— =0, 0 < x < d;

T(x, 0). 3T

j{)J 70 T(d, T)

'/LLA}\"XLL where T*(r) and q*(t) are known functions.
vj 'ﬂ

v ,n
}&& \ Conditio or choice of o: I z

o < 3
where TXn are temperatures, obtained from a sclution of

™(t), - 2 aT‘ng' =q*(1), O0sT=sT

Fourier general heat conduction equation using a known
boundary condition q*(T) and condition qa(r) computed in
in the result of IHCP solution for hyperbolic equation ( 9 );

& is the known error of temperature data T*.



XII.
Tikhonov Regularization Method



REGULARIZATION OF VARIATIONAL ForMs or THCP

Onedimensional problems

General integral form of linear boundary IHCPs:

T

J u(®)X (r,8)dt =f(r), 7€(0,Tm],
0

where u(T) is the unknown function (heat flux,
of the surface, heat potential density).

p/h\ (c*‘ ’

Au=f uev feF 5 —

A% can Be wunbounded }//%0‘) \M L@L’
- F _ quw / Ve |
rf=r., "f - f6 "F <\§’; Q\‘ ’ UK K/U‘Q W

temperature

TAe—filr <y = Dy © NS

A= ”Au,—faﬂ ts a residual

w=useDs ¢ min || w-wy
ueDs

U = WJ EO,Tm] ts the Svfolev Space
feliyg[0,Tm]

min||uz —u* |2 _;
minl|u—u*

Dy=/{u:| Au— fo 17, < 82,
| ,

£ éfm‘} , 3:‘\' - dv oA \ 'SP/ %N




ok ngr’am_qban Me thool
Lo )‘w Ny
\J\\ \)

F[u, u*, \, y]=|u—a* ||Wk-—ﬁ “IAu—-faHL,-f-Yz—aL

augillary v oble

OF(u, u*, , yJOr=0 dF[u, u*, . yl/dy=0
S /
¥ =0
At ||Adr— f;1l7,=8,
AL = —4-
A
min {® [u, u*, a]=|Au— f; ”" tafz—a¥P ,);
ueWX L4
i 112 V9 (A)
o Ase— fll, =, (A)
veaid ol Linedn  Covine

Condlition (A’) is the prineiple ( method ) of residyal

)/_ <
M“‘\ Vel =" 2 as
0

T R

N@» I#tyy={" W[ <201, ),

mm{(D[u u* a]—s:m [Yu(i) (7, :)dt—fo(‘v)]+ (B)

u(:W 0 0

+a f " ) [ () ur (B dg},

j=0

o " [ fua(g)K(t, £)dt— f: (r)]ga’t =‘6%2 ( C)

0
0

“M* Y\\l—mh'««, K = l w )L iy WML(LQJ?:} ‘}'C'/"{".Z..Q,—»*\ a
oo, v;(5) =y j=all

of_,-) 2
ol



Ewler equation {or P .

¢ T
Ja@K G Ot [ 2Kk Oac—5() +
0 E

+a jzo(— 1) [r; (8) (& (8) 9] =0,

where K (&, C)=5‘mK(r, DK (7, Qdr;
3

<

K, (5. c)=j'" K (%, 8 K (v, U)dr:
S

m

bE)={ fi(r)K (7, 5)adr.

free
2 a

‘ Boundary conditions:

.k
2 (—l)f[fj(ﬁ)u.(j) (8)]—2) lE=O:1,,,=O’ p=1. 2, e k

| J=p

\ {w*®)} > ud®
il BN Q\/\J pf/h?’o” M .
(_ U] ) 63\\)%‘/6 \[)Ld' 1% \u{’L %]W ) ;/{/A
V" fw T



Reguﬂari%a,tfon of Semi'—analyhial
Solutton of  THCP )

n
A e 3
Z 84y =Fypn=T7

i

where AA is the lower triangular matrix;

“‘“‘{'3,-}";; fs ={f5n}rq

I¢ k=2 u*t=0; r0=0,r,(r)=r1 = const =0,7, (1) =r, =const=0

m n ary - ~ 2 %
- _ 2 4 — E(u -u __1)
& [u]" A ( z ui‘Pm' f5n) ar? . n n
n=1 i=1
ara A 2'2 e & )2.
+ E (un+1_ n n-l
AT n

m n A 2 —-82
d,. E ( P u‘-a ip’"'_ f8n) “YEm
= =1

‘ A - w"ﬁlew 40 M B,CZS
d\om W'NM’Y %Nﬂ 06 Skl

b b
® +aClu =d +8

3

.

where _ _
2 Ouk Cnr br1=bp» K I=1.m

- o

3

m
z f&n‘Pnk}’k:l’
=k

aotg{

3



The first case: The second case:

a regularization of the first| a regularization of the second

]
)
1
L]
:
order i order
'
1
1
]
¥

-u_,+ 3u0— 3u1+ u,= 030,

u - 2u + u = C
m m

m+1 m im? m-1 *1 2n’
-u _,+3u-3u .+u ,=C,,
1 -2 1
1 =1 -2 5 -4 1
-1 2 -1 1 -4 6 -4 1 |
-1 2 -1 1 -4 6 -4 1 !
C = ~N C = = ]
- 1 -2 1:
T
g = ['“010’0""’0’“01mj ; g =1« (Czo+ Cao)’

- 2 Czo,o’ltﬁ,o,a sz,a(cam-czm

Sampling the regularization parameter o

1. A residual principle:
m
o . . o i 2 e
a ] Ay uw - £l =5, (bg » h |l u H), 8 z( z an) 3
m m m m tne

2. A method of quasioptimal parameter:

, du
min || a5 |

@
du® _ P S U

¥ ajn=ka; roe 0<k<l, k~1, a7 r— 1

& ||ativt—uti||



g-70~ W f?
g2
(o]
o 000
O 0o
0’7 c% ’ ooo
o Mo fer — 7
) 000 — Z
. 0 a5 T, 4
X . #Fo = 0.01

B2 a4 08/,

Normal distribution of errors in input temperatures;

is true solutions; .... is solutions of IHCP when
36 =0.01 T ; ecco 8 golutions of IHCP when 3¢ = 0.1 T:a

max x



@7 (;(I'/\ (< (\/Uﬁv'
\@\ fo’ (‘Ql < O
\ REGULARIZATION OF NoNLINEAR IHCP O \“ (17
W 0
~1.\Ez:jnterva1 of time regularization. f éﬁ%%{'\fwm

/ &
2. Regularized continuation of the solution of/a heat L7
conduction equation. ’

)
Vf/\\) divection of /|
{ﬁ iztgg}aton System of regularizing functions:

'\ e
d’a [TI] = |(M1Tl {-_ébanm + “l Qp

Q where 1 is an index of the space
levels;

ML is a transition matrix from

i space layers 1+2,%+1 to layer 1;
. -
0 Xp g Tt = [Ttl’ th,...
unknown vector of temperatures in
1 th layer;
9y is a vector of known parameters; at is a regularization

" Ttm] is an

parameter; Qt is a stabilization function, for example:

Q, =k AT, 1}, + ks II*"?’-'T, I3, *k1>0, k>0,
e ﬁgﬁhfk%%wkx Gegett SRniv DBt

%
where A and are the first and second finite differences,
respectively.

m
d=dy ¢ p)= T (T}, - Tk =8>

n=1

g(r)= —N(T(0,7))dT(0,7)/dx

ot &m\x\% S s st « 4

Tk B hard o @N NS
7

7‘( 50"l,/u\f/\’ ’



Choice of regularigation parameters « :

= 2
a % B
et ql " Zi[ TLn_ IIn ) - bE ’

residual n=

where T:n is temperature calculated at the point

the solution of a direct problem);

T: is the experimental temperature.

Twr € 000 =1
e il 4 ' )
200 l ]
100 iﬁ 5
/
7
-100 ! | i
0 2 4 6 & 7,8

Example of computations:

is an exact solution;

X

b (fron

Normal distribution of errors in the input temperatures,

3 0 = 0.05-T:ax; A(T) and C(T) corresponded to a graphite

q!(t) = 03

1 -~ the regularized numerical method;

2 - the direct numerical method  ( @, = 0, 1 =1, L

)



REGULARIZATION OF TWODIMENSIONAL THCP

0 ux1)=? b T b
g 0% X Au-JdEIu‘(x »EIK(X,x* ;T-E)dx’ =
o o o
2 = £7(x,T), v€(0,T_ 1; x€(0,b). ( 15 )
ays
i Approximation: Apu = ff. ( 16 )
Ragularizing functioenal:
\ULMJ) Greend :&‘“‘”““C hond
~ T T
\ = b ! 2 = b azu 2
¢a[u1=jdrj'[Au-f] dx+cjdrj‘(w)dx (17 )
a>0 o 0 0 0
Finite-difference analogy of ¢ [u]l:
m L 2 m L
= _ e _ _
$olul 'nzi 121(f“‘ fu) hd un_i lzi[uln Y .n-1 1-1,n"
2
+ ul_l.n_i) ’ ( 18 )

nabusel D25 pudibic

min 3a[u] under the conditions: u
u

u

in? u

on_ L+1,n" ul.»__n)

ql,-+1= "4.’ 1=0,L+1

( 19 )

[1-1

where Jj =

-8 p-S
-8 p—S

-8 p—S

s s

Lxm

J*J,

-1 2-1
-1 2-1

-1 2-1
=1 1

K

= LxL



XIII.
Iterative Regularization Method



12.

ITERATIVE REGULARIZATION

The iterative regularization method can be used for solving
various inverse problems (retrospective, boundary, coefficieni
geometric and combined problems) both linear and nonlinear, i1
nonoverdetermined and overdetermined formulations.

Linear case

Au
c?®(U, F); U, F are Hilbert spaces;

fl, A : U=>TF; { 20 )

A - unbounded or does not exist;

{ f, A} 1is precise initial data.

Assume that Ur = {u€U: Au=¢fy}#90.
Aw=fAu-£r | TW=FNAu-$lf =+ a0
C Tu =ATAu); w=-Tu
\ ALF->TU (Awd)e = (u, A% )y, ueDa  $eDp*

S

Steepest descent method

[

X\ ) ‘ » ' =
O “;\ w,,,= o, B u, A= Tully /0l Tl (21 )
\ o
<>\ §§§ Conjugate gradient method
RS - ,
< o\ Upsa™ By © Bn P,y P.7 J’ un+ yn-ipn-i’ b= J Ug o (22 )
B=13 uw,p |/l apl
n n'? n u n''F
[ & ’ , e 2
W 0” (J u, J u-7J un_i] VA ‘.1,.-1“ ,
CLQJg %
A where J’ u = A { A u_ - f ) - the gradient of residual
functional.

Exact initial data

( V.M.Friedman (196%), W.J.Kammerer, M.Z.Nashed (1972):

limu =u , u = argmin || u - u o/l - normal solution

n
n>o u‘U;

bv”kﬁl déhVﬁkﬁk



M
\Uk L’H’L‘d )

W/\(S g}(;m/)

\r"\ N
U
X, &é initial data with errors
;

%\P\\(Q(RV (Apt d}s) u €U f; €F,

where A, €2 ( U, F ),

4 Fsr AL is given approximation to initial data:
Ndp—Al <h; fs =f+F, Iflip <8
&= {5, h} is +he initial olata ereov

Cage L, The gradient methods fov sobving () may Be

even olivergent

.Case 2, The g!"aoh'w't Sequences Converge to certain elements Ug
6={5h} = us o

Ug > LcT;
G>0

Question:

It there any way of choosing
N ( ¢ ) which would provide

o
—u T

u
N
k. =20

i) Conutlege W A{_ @’%4L£
duder Tueessayy b
ot Su¥beiek

2



Sufficient conditions for regularization of a certain
iterative method

n+ 1l

u = o ( u S, h ) . ( 24 )

Theorem 1. 1If

1) for §=h=0 3 limu=wueU,  (u="u (u));
n=®
2) ¢ ( u, d, h) is continuous at all points

{ u, 0, 0 } except maybe { u, 0, 0 }: u € U ;

3) Vuce U, ® ( u, 0, 0 ) = u.

Then I N (06 ): Tim u u

!l((")=
o0



.

Theorem 2. Steepest descent method and conjugate gradient
method satisfy conditions of Theorem 1.

Thus, appropriate regularized approximations converge to

normal ( with respect to initial approximation ) solutions

of Eq.{ 20 ) with ¢ error tending to zero.

i

How 1o coose N ( ¢ ) ?

W Q)’“

Residual criterion:

Denote An= |l A, u - f5”F; A =h Il u°”'+ s .

Theorem 3. For the steepest descent method

2

A% 4 A .
3Nr=min{n:—iﬂ—ﬂf—<CA},C>1
n " r X
and lim u, = u .
020 T
lup- w'll = llu, - oll, Ya<n, .

Similar criterion has also been obtaiﬁéd for the conjugate

/
gradient method. P

) e << Slé<

Gepervalized Residual Criterion

If solution to ( 20 ) 1is unique, then v in Ar may be

replaced by u

Appy =h | unf +5



\

»*\

Ng

Nonlinear case

The validity of this approach for soiution of ill-posed

problems in nonlinear formulations has been demonstrated by

,\ the computer-experiment technique.

V Avt/v}) uel, fefF

q
yp \ wheve Ay U=>F s a monlinear continuous Frechet
“

oli fferventinble a/aem{mv-, V and F are Hilbert spaces

The grmd:‘en‘[’ Tu = (A’u)*(,él w- 36)

where A U is the Frechet oferivative of the %eraforA
at +the /Jcaml" 5

(A b(,) LS -Hoe 0/>erm.‘azv Mg oinl ajf +he a/bemz[uw ,4

The S'feef)esf dlescent method
Uppy = un‘FnT'(/(n , n=0,14,,

b It I

ﬁn ‘ T(U;m) = };"Z’QO T[Mh'ﬁjlwn)

®

If the input data are first smoothed it is possiblie to

use the traditional iteration-stopping methods

teege lu -uljl,=e).

! The Sfoppmq @ adelitronal._measurement
() unknown 1 W)

el
(L(‘t) o S‘Si(‘f '&4 ('ﬂ + A:('/l (T> fﬂwg

' %
\ aﬂ&(«o oy (=07 h) eshl) 00

. mm,{x [T(u,.h:) 041,‘1’3 }6‘2(7 }



<:) Determination of the gradient of the residual functional

J T =ale= —%—H Au-f* Hi = J u.

Two analytical methods:
- with help Green’s functions ( for linear problems );
- on the base of adjoint problems ( both for linear and
nonlinear problems ); (A'u)*—'

An account of a priori information about a solution:

- qualitative information, such as, smoothness of unknown

functions;

- quantitative information about the values of the functions
and their derivatives.

Two methods:

1) A direction of discent is chosen in the initial space L2
or Rﬁ, but in such a way that obtained approximations

remain in the class of smooth functions.

2) The iterative sequence is constructed directly in Sobolev’s

1
space wz .



Modifications of gradient algorithms ( for solution of

multiparameter inverse problems )

Two cases: 1) To determine simultaneously a certain set
of functions and parameters (e.g. several
coefficients in equation with partial
derivatives, two boundary conditions, boundary
and initial conditions, and so on ).

2) To consider smoothness of unknown function
when the function is represented in terms of

one of its derivatives and in terms of values
at specific points.

The gradient-method modifications: instead of the scalar

quantity of descent step the descent-step vector is determinec

at each iteration for each individual component on the basis
of residual minimization.

Stoppin e iteration, when initial data error is unknow

1. Stopping by additional measurements
2. Stopping by the increment of functional



A general flow-chart of the computational algorithm

!

k Solution of a
direct problem residual

2 4

Calculation of

functional

!

Check of +the

Solution of an
adjoint problem

Determina-
tion of

descent step

condition of stoppingi—>|and computationip—> J'e
computations of I} v
L 2
2
. Computation of the Computation
The end of calculations —

Bk of uk+1




Coefficient Inverse Heat Conduction Proflem

(DT, =(A(DT,),, *xTIEQ=(0,b)x (0,m];

T(x,0)=%,, x<[0,b];
T(0,7)=Ti(r), T(b,7)=T,(1), TE[0,Tm];
T(d,r)= fi(r), i=1,N, T€[0,7m], b| ‘"’/Hw ,}fﬂe
0<d, <...<dy<b P V” 1V e

where C(T) Ty(7); T2(7); fi(7), 1, N are Known :)CN"UL’LonS
£,;b; Tmidy 1= 1, 1, N are given numBers

ALT) ~
AT, Te[To, Tl

A(D): min |JA) -85, sk
A(T) Y(,S‘C
N 'r i

JQ)= Z (o(r)[m. d,T)- f('r)]’ dr
i=1 0

g(\y_ﬂj ug’f’(fw

L A,L-A-’WM\ "”



Appl"ox[mq'h’on of A(T) by cubic B -splines

Uniforum qud fou [Ty, Ty) &

] M~
{T].=To+jH},j=0, : Step H=—

T_3=T,-3H T_,=T,-2H, T_, =T, ~H,

Tyer =To *+.(M+ DH, Ty n =T, + M+ DH; Tys3 =T+ M+ 3)H

Cubic B-gpgg,ewg . {B].}f’;i

B{T)=By(T—/H), j==1,0,1,...M+L;
1

643
+ (T + 2H)2 K

B,(T)= (T —2H)2 —4(T—H)2 + 6(T)2 —4(T+ H)? +

_ _ (T—g)® npu T >¢
where T=T—-To; (T —g)3 = _
0 npy T<g

M+1
X(T)= 2 ij].(f),
j=-4
whepre )\i are unknown poarameters



Variational formubation:

};/
ol LN S m}\inlf[k]—!i?,l, (Lf)

N 1y
where  J(N)= Z [ p(0)[T(X,d,7)- f(1)]*dr
= 0 ;

1

Iterative albgorithm

Ak+l=xkfﬁkpk’ k=0:.1"--1k,

[ k: j()\k)=52 .“) B, : min j()\k —ﬁpk 3, " éz(w/
—— g M “W
k "'/ 4
wejku 1(\‘/\/\ C/CV/L (')p,‘~-¢"‘> ;:
k k-1 r\/\JL\/ “ '1(."/(““’ { )
where pk=T" (7\ )t yp T, R dLVt v"i'b
M+1 W m\
==1 “J J
Yo =0; % = , k>0
M+1
Ry
j=—1 7 ;5
5 " ~\ Ulu\ LJ)(}
The gmdtemf COmPone_nts': F(A) "»") //,\/ \
| / i e
N+1 Tm di  ¥x, 1) .
J = X dr ———— [T._(x, 7)B; +
Noi=t ({ d-fl C(x, 7) [T (2 BT
l—

2 YT
+ T2(x, 7)B/(T)] dx
j=—1,0,.... M+ 1,

where Y (2,7) is adfoint variable



Descent otep :

\,\P\ILUAJ\/LN:
(; 7] N ™m

fraf d,n - fmivaik g, 1y ar
1—1 0 '

B
k N ™

zZ J vi (axk, d; r)dr

=1 0
where V(Axk', d,-, 7) is 4he %%Pewa}ur& t'ncremen-‘(': ¢

- k k 2
Vv.=a, Ve ta v tave = (AN"T,, + AN T),

XX
(x, 7)EQ;
v(x,0)=0; ;
v(0, 1) =v (b 7) =0; |
AN = = P]'.‘B].(T).
j=-1
S0l SMILL& e (eack i} ﬁ"’fij{;\)\ e /)S

Sep O B doltad L ft?) 0 /Jfl J—E
v (70, 5, i1 (cande)
Vud gune A1) <%= cong (g

J(OF‘L PR e ot
e 5\\,{\?”1 A\Y‘CQ&’ P\“}{){Q L\;AJ.L-S C/W\/UL,J_?\
— Cod ol ts. Vesidoad , »() 25" dova

54—6‘) %l% { Ju l,\ﬂ ybﬂ_@_
z Al v, A ;x _6 Al C& (
52\/"\'\«\ &\vuﬂ {)VU‘G'&W o J ., 4 ) Y‘e—‘z Vg T /T) g '()

3 K2l compin Yy (Y, Z0)
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Qgﬁgults of)ca;culatlons 7'7”-,6 W /m?

f& Boundapé/&HCP

Llnear éases and non-

disturbed data (spase Lzl 04
9/9max o
O
b © o
o
[+
©
<]
072 r-%
a5 —-1%
4 00 ~ 7 <
xxx—j

o
000097

000000-5

| R 0 8 6 1,8
0 a5 1/5" b=0.003m, d=0.002 m
b =d, AFo, = 0.01 Aoy~ 0.018
1 - a true solution
2, 3, 4 - the 1st, 9th and 50th 2, 3, 4 - the 1st, 3d and
approximations (conjugate- 100th approximations
gradients); 5 - 50th approxima- (conjugate gradxents)

tion (steepest descent)
&%%;u% XMM/’ ﬁ;ﬂf (@)L
Alﬁ UU/ s \/ ) (,?Qw&/

L

D135



Nonlinear cases and disturbed data (space Lzl

max The method of conjugate gradients

7/7r and two different methods of stopping
7
—_—] [/
——-2 p— ) P I,|:
66 -7 | h@ (o
”,6 ,C’»!'f‘t"{’
04 FH Y
0z Wi
AV AN
N i
. %w \W
0 02 0% g6 06 T/ty i ? *
Normal law with dispersion of errors, 30 = 0.05 T z
d = 0.42 b, 0.06<4Fo<o0.1 max
1 - the unknown function; 2 - stopping by the additional
measurement at point d'= (.08 ( N = 10 ); 3 - stopping
by the criterion of residual ( N = 7 )

\ o
MU \‘\V&,\rw\
A

(W



Smoothed data

9. Wim Fog_
Offes

3 )
"

l- o
l. o
b [+]

o
L4
qr-10°
X
0. o
0 5 10

-3 .
b = 0.003m; A = 0.721 + 0.288.10 T, kw/mx)
-6 -9 -12_2 %
a = 0.4-10 - 0.143.10 T + 0.408.10 T , m/d
(full curve - true solution)

1 and 2 - 30th and 60th approximations for non-disturbed
data; 3 - the 60th approximation on smoothed data (initial
values of temperature included errors distributed by norma. (\’!)

o

law with dispersion 3 ¢ = 0.05.T max) ) “\7

e s ) |\ gz h@m CWM }

\\\(VJ\:\&;\M\/ (e 4}2\/‘ \(ti)w %;ﬂ/) | »
N -
=




Solution of the boundary IHCP in sgacéfwi

smoothness of the unknown function

54&)0'

| {(an _account of

ofg 7 Eﬁﬂfz W
A7
0,8 A
-1
f e
06 — .
04 “f
"{r— A Fod= 0.1
0 0,2 0% 06 08 T/
1 - a true solution; 2 - an approximation for disturbed input

data by normal law, 3 o =

re
N

sidual, N = T7);

0.05T"
map»

(stopping by criterion of

3 - an approximation for exact input data,
= 50
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II. Nonlinear coefficient IHCP - reconstruction of the thermal
conductivity A(T) with using spline-approximation

‘Mamu

A/lmux //1
0,6
| 4

5/6 - x

NEE 27 /}/ ”’GS\W\)"

12 A a4

i3 /
. 4 a2
i/6 ,EZ/I & D e

0 02 04 06 QFT/T,

o+
|
® W

o [T g8 T/
Exact input data Exact and disturbed input data

1 - the unknown function; 1-the unknown function; 2-the

2 - the solution of IHCP. initial approximation; 3,4-the

solution of IHCP for exact and
disturbed data respectively.



III. The reconstraction of a ource Q X, ¥, T) _in the heat

conduction equation !threedlmensggaﬁlzl }
7/9r :

q9/q {2;‘<;
[ 1\
05 / v 48
X
/ /"/\'\\
g6 =y x 056
aﬁﬁﬂ\‘
04 Lol AL 04
' - A M\ .
//y 0:25 x\ X ” ‘
: !\Q\
gé""l st ‘»& ,
0 025 05 075 X/b,. 0 025 05 a75 X/by
Exact input data ‘ Disturbed input data (uniform

distribution of errors with
maximum deviation 0.01 T:a!

Results of computation for four cuttings by coordinate y and
one time point T = T_ /2 . .



XIV.
Comparison of Methods for Solving
Boundary IHCPs



G~
! ) L
fuj,& " N
W’ Y AN ) \’\{\I
.‘ \[ (’_/U)\

The conditions f}tt-ctive application of thel mathods
for the moluti £

IHCPs

Table

ll/,:biltincum'tniﬂct approxi-:Direct :Iterative:Regularized:Regularized
“ :of applicat-imate-analytical:numeri- :regulari-:algebraic : numerical
:ion of me- method :cal me- :zatioin : method : method
: thods H : thod : method : :
: : ( 2) :( 3) : (%) = (4 = ( 4
1: 2 : 3 : 4 : B : 6 7
|
Ihe peculia-
xitises of a
Lormulation
of IHCP
1. Linear with ves yes vyes yes ves
constant
thermal
properties
2. Nonlinear of no ves yes no yes
linear with
variable TP
3. Homogeneous ves Yes yas yas Yes
heat-conduct-
ion equation
4. Generalized no yes yes no yes
heat-conduct-
ion aquation
5. Fized bounde- yes ves yes yes yes
ries of a
body
6. Moving in onedimen- yes ves in onedimen- ves
boundaries of sional case sional case
a body
7. Fized tempe- yes jcl yes yes Yes
Tature gauses
8. Travelling no yes ves no ves
temperature
gauses
9. Onedimensional ves yes ves yes yes
10. Twodimensional for the domaing yes yes for the do- vyes
of simple shape pains of si-
. mple shape
o\~ \ ¢ S
He @\lbwgr,ushixx no ho no nho



12.

13.

14.

15.

16.

17.

General condi-
tions of appli-
cation

The determination
of heat loads

The computation of
temperature fields

The slowly alterat-
ing heat-exchange
processes (HP)

The quickly alterat-
ing and short-term
HP

Low-temperature HP

High-temperature
HP with essential-
ly variable inten-
sity

yes

yes

yes

yes

Yes

yes

no

Yes

yes

Yes

yes

yes

yes

yes

yes

yes

no

Yes&

yes

yes

no

yes

yes

yes

yes

Yes

yes



Continuation of table

(1]
(1]
(1}

> 3 4 s = 6 s 7

18.

19.

20.

21.

22.

24.

as.

26.

27.

28.

Small heat-depth yes yes yes yes yes
of the instalat-
ion of temperature

gauges

Big heat-depth of no no yes yes yes
the installation
of temperature

gauges

Metallic structural yes yes yes yes yes
elements

Thermal protection no for materials yeos yes yes
and thermal insulat- with high heat

ion condustivity

The conditions of
practical spplication

The cosplexity of simple sadiun comple- heighten- complex
the algorithms , =ity ed com~

Computstion time saall saakl sadien medium large
eXpenses

Computation in real p ® s s i b 1l e impos-
time scale sible

The ressvictions on very strist mo restriction
the values of the strict
steps of approxi-

mation

Preliminary ssooth- necessary ROt necessary
ing of initial data

for high levels of

erros

Cbtaining of the impossibdle Pp ©o 8 8 { b 1l e
needed degree of -

smoothness of the

results

aAn account of the impossible posaib- hard toc implement
quantitative a . le

priori informatiom
about an unlkmown
solution.



XV.
Development and Validation of
Mathematical Models of Heat
Transfer



Mathematical model

Environment

v

N

System State
(process) ‘___D variables
R (u) s

v = external (input) action;

u - vector of system characteristics;
R(u)~ operator of the system;

T = state (output) variable.

Mathematical model - transformation of the extermal
actions into state variables

R(u) va T

Mathematical model development

Analyzed system (process)

s>

Conservation laws

| L
o5 ol =
Simplifying Factors taken |
assumptions into account N Characteristics
< <5 = s
Model structure Model characteristics
- =, = T

Mathematical model of the system (process)




>ﬂ£
Stages of Mathematical Mooleling
Development Construction of Preolietion

and validation of €l computaft'ana,ﬁ §2 [> of a state
o mathematicat > Schemes an of -the O8ject
model abgor-ithms under stidy

;}E,;-Ez ore errors o{—\?ﬁr?mode&'ng ano
*’A“(’t'a/fcufaflﬁpns "?‘/’i‘é""i@

e =bE) D

Development and valroation of mathematiecal models
~ construetion of a model structure;
— parametrie cdentification;
~ modlel valislation for aﬂ/.e@uacg




Jdentification of characteristics

Hathematical model containing
unknown parameters

g__ Inverse problen —1

Correct i
Methods ftor 41<P medE analwsia -D>

o Hethods for
et 2
Lmen = 3 e
design problems General requirements -c> 1nz§§2ns
for measurements pr

v

Experiment A priori ; _
design '£*47 error analysis <}<P Simulation

K-

NDesign and manufacturing
of specimens

7

Experiments and
measurements

7

Experimentai data-procesging -
computation of characteristics

<z

A posteriori
error analyses

Z

Characteristics




Examination of the model for adequacy

su
Ve

n(R) = in{ H‘R(w)v §F

uey

where T (s @ solution space ; Vis a set o lbotenfme Zma/m? actions

buak Loadg

System Mathematical
(process) model

Rs(u) R (u)
Measured Predicted
state state
variables variables
of the system of the system
£f s R (u)v T = R(u)v

Comparison

L~ 1

Adequacy measure

J#a= It - £lg

® The Problem:

M <e,

E€>0 = prescribed level of

adequacy




TP Adequacy Criterion of Mathematical Model 1/39

Adequacy measure : rl-—-n(A,f)‘;eu’!: i:efv [[Aa—f "F

’

where Fo € F - some set of possible states of the process
For inexact input data : rl = 72 (A s fd')
Adequacy criterion : g <E (rz , mao d‘_.; ) <
FEF, " ,
Teo o lia! L L o N ’ l"&'(‘“"“
where d"} = "fd'—-f ”F - error of some fE Fo L&L V= ,«f}‘ "

‘\

~ /

lé“‘d““ A-lz-19lls , fo=Ffolet), 2=2@eT)sAu |\ ¥ o &

i iy v
o L ST P vt PRI FORPSg POV

I. F = L.2 1/2

* if f is n - dimensional vector-function :A-{fme [Zi?f&]-r[?.'fd]d@d‘t}
0

Tm
*  if f is scalar field : A:{Io L[Z"fJJEdQ dT}I/Z

(5 1/2
*  if f:f('t'), Z2=2(t): A-{{ (Z’fd‘ )JTw(z ‘f&')d't} . W is weight matrix
1iz. F = C : A = ;a,’:., [Z-fdu/




Reasons of nonadequacy of the model and ways of

their elimination

Nonadequacy of the model

J

oo <7
Characteristics Structure of the
are known with low model does not take
accuracy into account the

influencing factors

<>

<>

Characteristics
specification

Structure
specification

Correctness analysis of inverse problems

Correctness analysis
= T N ==

& g L

Solution Solution Solution

existence uniqueness stability

: <> <5 i % <

Requirements fo2 Requirements

measurements for methods of

solution




General structure of a thermal mathematical model

3
I_ _______
Model of | | Model o
heat and internal
U : mass _L heat
External transfer | transfer
action on the
surface |




TP Parametric Identification 1/38

Ahu .'fs

(‘u‘r.‘)h»“"*’w
\,"M
Model under N U g Algorithms for
identification l{ﬂ_% solution of
‘R

L gy N SN 4y gt CALNGZ D e

[ X - - B -.J
inverse

problems

) b
fomir T, EeEssssmesssmREeEETTTTR r‘ I |
Measured ' :Initial process:l.ng *fs : Comparison of P Corres- No
data ;HE’; experimental T 3‘5 and Ahu ‘%’3‘ pondence? ;r-"—""
|4 information ) ‘
b 5 o X:
u: e fmnﬁ‘*’m"‘”

| Resultant mathematical
model




XVI.
Application Results



TP Practical Application Results (AR) of IHTP methods 3/1
1
AR1: :ﬁ%ﬁﬁ%ﬁéﬁloﬁérﬁiﬁé&%;ﬁeahuriﬁgﬁ

Jets

High - Temperature Gas

o ol

Jiieehiiidl

Yy | I

DR\ g

e T TRAS

3§,‘". :
(y

1

ocouples frafe

»

N
A

40
"
\

4
o d |

water

T8 006d 35 s,

= RN
5

sensor ' A

» 2% A
by

BRI lu
e B
AZIIHA AR NK N M
Disk sensor "‘/“
: Cooled
4 '
lrr. — l i ivv‘ )i—
i Coe \ 24 d




( J' J ’“f\ (~ _\/ : AUAT
Y\ K~ A - 6 Vit i 45
l( ¥ %di \’\VL.. J‘/ w LEt g = pl } ’/%L
WA — MM g 7 2N
\ \;_‘\\Jt CcF T~ :i \ \(- ¢ N:u(\ ,Duc_ "’\,‘
TP ARl (continuation) 3/2
1
:t; " rl-’}) d ~ ".v = ' ""’v’v"”v"
W \
y P W TR, ":0:0’:’:‘:‘:0’:’:‘:0’0’:’:
Y 8 T/
&, A CTRIRALAIIEER KXIKXRIEKRXKEE 4
& 8 NN o %0000 ’."..q ) QEEPOCAAODOEA \
¥ .jy/ N "AA ‘..‘.‘."A’AA X XXX XY
M \ F ’ = 3 : ol
b \;}“& Lw\ Noncooled calorimeters for engine —jetsi——-
(1 - sensor, 2 - frame, 3,4 - plugs)
1077 xw/m? v 2
0.6 ‘ A\\{al:_;‘v{-.v' Iobp kaig:;f -S_;ﬂ—z
QQ\ Y v‘““D,i’l,v'*’“ 0" 105104
) U\\ . ,“-%} "‘;/(' - o \\
gl YN f N 20
&) S\
03 g (924 1.5 \/
e e d=3mm 40
e 10
70
7 onssm 15
0 2 9 7.8 % 0.7 02 7.8
Results of determining of heat flux % Heat fluxes in nitrogen
by pivotal calorimeter, moving along ) plasma jet
subsonic plasma jet T datu }’aw%\

(_ UV“E{’J/ Lan (s weA

g —



TP AR2: Simulation of Transitional and Turbulent Heat Transfer 3/3
1 Conditions

diffuser

i e

Supersonic thermal wind tunnel

Testing conditions: T, = 150...500 °C; P, = 8-10° Pa; M = 5.0

hW o jAzA: Rey = 4.10° - laminar boundary layer
miK S :"‘.E o
250 B-B: Rey = 1.3°10 - turbulent boundary layer
00 e . To K
. Theovetical sstimations Jov %
stationnyy Comditions : 450

150 h
h “mtlf‘.3

100

2 = 350
0 —— % 300

5 10 75 20 Z.5 0 5 {0 15 20 T.¢
Heat transfer coefficients Stagnation temperature

( 1,2 - numbers of tests; I - x = 0.3 m ; II - x = 1.0 m )




TP AR3: Heat Transfer Diagnostics on Models Surface during testing at
1 hypersonic wind tunnel with magnetogasdynamic accelarating

air stream

3/4

. . 9
= -d 1
© one-dimensional sensors A |
777777 - two-dimensional sensors
0%
1 Y
0
2:10°
10°}
Voo
30° 0 -
X

Arrangement of sensors and spacial heat
flux distribution on the windward model
surface: [, , original base surface;

[{ . flux distribution surface for the time
moment T = 2.3 s,

M = 20...25, Re = 10°, Timpulse = 1 s

é
— 1 51051 —emi- §
—— 7
9 —_— 10
510°+
1
-
4 I \.
% o
510°F
——t — i;
q
410%} —_—1
2105}
i o
2 TS

T I\fS s

Reconstructed values of heat

flux q (T ), W/mt

at diagnostics

points in different model cross-
sections:

a,
b,
c,
d,

at points
at points
at points
at points

3,9;
8,10;

112l
6l7'
3,4;
9,10,11.




Methods for characteristics determination

characteristics of materials

Methods for determining thermophysical

4 Vi

<> o ,
Stationary Transient
% i = ;
£ =
Traditional ITnverse
<¥_ problem
Regular conditions solution
; I 1 ;
— =

1st kind 2nd kind | |3rd kind

Traditional methods of characteristics

® Traditional methods are based on analytical solutions
of the boundary-value problem for the heat conduction

equation with constant coefficients.

® Heating conditions for samples used are rather simple

and easy to reproduce.

©® Rather narrow temperature range is realized in
samples to provide constancy of characteristics.




Mathematical Model N2 4
( $ixed +hermosensors and body bounclorieg)

{‘U
LM Te =AM Te)x, (xx)eQ=(0, B)x(0,Tm); Tpm '

T(x0)=5(x), xe[0,8];

|

|

|

|

|

TO,Y=T;®); T(8%) =To(T), T e[0%m]s |
|

| ]

N o EER) d- d
T(d’i')q:): 'S:L(,q;)’ L:‘-"l,N, Té[O,‘Um]-’ d‘i d£ N-{ N

0<diy<...<dn<b
c(T)>0, A(M>0

A(T): min 1T@Q)-071,
AT
N Tn 5
J(A)=3 § P [T, di,T) - § @) 7dT;

85 (¢ o minimal allowable Level for resiual




Diagram of test facilities

supersonic pyrometer model specimen
nozzle /

system for
data gather-
- ing and
B storage
/
LAHA

§ P A S A AVAVAVAVLW. {

\
thermocouples

specimen




.

Results of temperature measurements

T.K

1000

17,2
14,4
84
56
28 | 28
T
Y / SpecimenT/ #
> o
specimen?2
5,6
8 -
- 17,7

1

Diagram of thermocouples location.

—— sgpec
—-~- spec

D

BB

N =
\
\

\

oo

;:::::i\

R

1
2
2

800

600

N\

~

B

400

/
/i
//

/4

/i
/

/

/4 . i

\

\
\R
\

L

pa
-
=

200

4
_alt?
i
=1 7

0 80 160 T s

Megsured temperatures:

1

3 - X=5.6 mm; 4 - X=8.4 mm;
5 - X=14.4 mn; 6 - X=17.2 mm; 7 - X=17.7 mm.




Results of experimental data processing,
specimen 1

7
1
i
” 5
0.6 7
4/
-
0.4 o A
~o-2°=02 W/(m-K)
02 i — 0.4
—— — 05
eee- Traditional
0 method ;

Thermal conductivity A(T) determination by solving
the inverse problem with different values of initial
approximation 21°

7.10°° \
16 R
\ —o—- 1°= 02 W/mk)
12 e — 04

AT
N

AR

2 4 § 8, S
Changing residual functional ] depending on
iteration number g, '




Results of experimental data processing,
specimen 2

A ,W/(m-K\) I
- \ -0 — A ‘0.2 w/m M

g gy = 06 A
\ - 08 /

04 N\\ﬂ*%/o—n
e w\::‘,

02

t7an 200 800 100 T,k

Thermal conductivity A(7) determination by
solving the inverse problem with different
values of initial approximation 1°

¢ &)
JxiQ 8
tﬁ\
—o=-A%=0,2 w(m-K)
12 —=- 04
! —o—- 06
© -_=- o8
“ ¢l
0,8
X\\
04—\~
r-ﬁrSﬁ= _;-_"«Iém———n—-.al—o—-j
|
0 2 4 6 8 s

Changing residual functionel J depending
on iteration number s .




Opfc'm all Measurement J)es [dan

Measurement a/ergh e=1N,d},
where N s the number of thermosensors

d s the veetor of Sensor L’Doi"ﬂlfﬂa,‘/eg( d= {d'i«hN

Piogtem; E=€%: mng[ F(e],

———

where F(E)?'-::I@jﬂ') },W"—"‘,Mj
M+ 3 - the number of intervals for A (T)
appra'm‘ma-ét’on @ B-SPZL‘nes
N  Um ;
an= > § 8 (di)8n(dit)ar

=1 0
§;(di)7) are the sensifivity funetions,

aT(di,v)
OA;

g, (div)= y j==4, M+



Experiment Design 3/7

ool syl

== gxact function

The experiment design is a determination of a

number of temperature gauges N, cQordinates of

. N
| st et o their installation into a body = {t; }l.
- > >
by ' D - optimal design:l 395 ,{ N,d} :n%ax:[] [F@E1,
= where
D[F(g)] is a determinant of the
' 7 corresponding Fisher information

= - o --/T’m' matrix Ff

. - ‘ 4 A /max
K(T) reconstruction using Z"D t/ /
exact input data for
different valuaes at the 37 bas
thermocouple caordinate 7

oo @Xact function
+ for exact data
K 0 for perturbed data - -
28 .:“’

k " 35 _0:’ Mk ) h
6 * | /
yiid o Fnes f | dmom
a 04 a8 0 075 225

K(T) reconstruction for

Dependences of criterion value and
D-optimal design

relative error maximum from d




~ Mathematical Model NZJ,

( movable -thermosensors and Body bounidaries)

!

dy (@) |

|u.A
]
l

oy (¥)

d»NH (7:)

T

T |
C(T)Tft = (.A«(T)Tx)_-n . (x)'f)e Q'U’ Tm
Q'U ={d0('t)41'/< s (1), 0<T<Tm};
T(x,00=§(x), do(0)<Xx<dn+1(0);
do(t)
T(do(®),T) =To ()3 Tlclwst(T), T)=Tyyp (1),
't € [O’ Tm]; 0 ‘

T(du(®), ) =ful), i=TN, veL0,Tm];

C(1)>0, A(T)>0

AM: min 1T =671,
T

N Tm
T () =2; é P [T, di (), T) - o (0) ol

X

do(PV)< du(T)< 0 < ou(T) < oly+4(T)
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| Thermat Propenties Investipations of a |
tlecomposing mateual with maoving +hermocouplys

L‘JWN >
ol | X

/ . ¥ i 3
SPB(’;U’"QV’ ouw/é/v Lh ;,/é,S%('g)ﬂ‘lL(an

1 = S‘é’hsing

element

2,3,4 = Frame

5 - chromel - alumel fhervmocou/pfes

a,mr“‘

$0

LAE:

lv-—-‘v“

—e —
i |
d2 (T
" ()
- ds (%)

Arrangement of thermocoup bes
in the sens'/}yﬁ element




Measurement  Results

g

4]

T, K
1250

1000

~J
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500
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[ i} T — :l___-u‘___""'-‘_":dq
2 .r_ 2 4 A inids
i ‘. !

|

L

C — {(—— O— ~E .?—G:'-'a_zi
—— % .
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AR4: Study of thermal properties of heat protective materials.
TP Mathematical model of heat~-and mass transfer in decomposing 3/5
1 materials
: a'c' 63: 'y ot

T(x,0)=T,, xe[osj T(O,'L')=f,('z') T(ﬁfr:)=f~('t') ve [0,Tm];

T
p(r, & )- d*gs.)fa 2% de

str, 2L )= A (1) 28 =,

ami _ (1'KT)PQ(A+AA3_Z)ZnexP(- E/RT), T>T1’,
e 0, 'rs"r,t

Ty =Ty, + 0 (m, 3 zAlé(p..;pa)(Jo, Le)
where mM 3 » 'f‘ls are gspecific mass flow rate and ‘enthalpy of gaseous products;
KT = ﬂ: / A is a limiting value of th.. coke number;
po’ .P’ .pC are initial, current and finite values of the material density;
Z is a concentration of a decomposing component;
Q, ’az,A ’AA ,Nn,E are thermodestructive parameters;
R is a universal gas constant;

Ty

is a temperature of the start of phisico-chemical conversions in the

% nmaterial




AR4

(continuation)

3/6

Input data:

T (d; ,T) =

Ay N Sk S

Specimen II

(o =

ma

Ao SRRyt - : T
terial under
investigation

quartz lamp

specimen

Testing in termal-vaccum

chamber

e I et LIS e ...| e §
Asbestos-reihforced plastjc
|| _ »arie |
708y 02| 04 OV S 7
engine jet \i
ﬁ,oa.__J(hux"¢Z3qusMﬂﬁﬂﬂ'
7o = Tmin =303K 2
Tmax|= 663K \
a4 [ o
i &)
N\
. d | *
o 0.2 o4 a6 08 T7/TImax
Processing of experimental data:
swwese» 1 - above-stated model
e 2 - above-stated model at oA =0
== 3 - uniform heat conduction
problem (P=S=0)
saumwenes 4-monotonic heating method




Simudtaneous  determination of +wo
thermal. })'ZD/)ZP’f/‘fSJ

30
) 22
SRR g, =13Ce KW'

o B NN BN/
NN N

/
N 7

B
(-

T, =300K
Tm=208

o¢002
AAAA D AAMTQ,
1 | 50
200 600 900 THK 200 500 900 TK

Estimpationg of volumetve Peal cmoﬂu/? &7
cnod  thermal C"w/achn@ A(T):
1 = exacct solutions | 2 — Calealobions for €xé et lf?/”*‘?“

oot s 3 = caleubotions fov pertubated (npui o
A3 = 0.05T moux

Fa SO

|
|




TP AR: Facility Tests 3/8

AR5: Thermal and Gas - dynamic Tests |
< \

w Diagnostics of heat transfer boundary conditions and heat loads on structures
during full-scale testing

* Identification of thermal properties of heat-shield materials

ARG: Thermal - vacuum Test of Spacecrafts
\ - g ey —— %

PROCEDURE OF TESTING

1. Special preliminary testing of object for the purpose of identification
and correction of mathematical models of heat transfer processes

2. Choice of thermal simulator mode ( inverse problem of control type )

3. Regular testing




AR7: Study of Porous Cooling

( flight experiment )

3/9

Porous insert

,Tw Vehicle surface

\"4
X Irrirr : _
7 B S RO SR Y, 2;: 7
|7 pprm——— g 7/
5 0 ‘
5 > Pe' Tt R
€ Gaseous coolant (nitrogen)
supply

Equipment for investigation of porous
cooling

Registration of 77

for

7 K ¢another insert-was.
absent | Fsd |
800
= @b oo o o - 2
AN AL | e vl F'J- T b
|
2@0‘7 V4
Temperatures data

Pressures before(Pi) and after (Fa) the insert, and pressure of the coolant
supply (Fk), temperatures of outer (Tw) and inner (T} ) surfaces, and temperature

of supplyed coolant (T}), and mass flow rate of coolant (P

values.

PO,
N/m?

LA

L '
advats = l

Pressures data

q,
AW

500

o

) are measured

CuUrveS ewemmes aNd o o= e correspond to two different experimental conditions

a1 = 4

(41

0 20 32
Heat flux determination results
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THE FLIGHT-TEST COMPLEX "BOR”

THE COMPLEX FOR FLIGHT RESEARCHES INTO THE
PROBLEMS OF AERODYNAMICS, FLIGHT DYNAMICS

AND THERMAL PROTECTION OF FUTURE AIR-SPACE
PLANES.

1. Power supply source

2. System for gas-dynamic
stabilization in space

3. Aerodynamic controls

4. Elements of thermal
insulation being tested

5. Research equipment

6. Rescue system

7. Navigation and control
system

8. System of radiotelemetry

1 1. Launch

2. Injection into
orbit, separation
from booster

3. Atmospheric
portion of flight
trajectory

4. Rescue on

parachute




TP AR 8 : Study of thermal modes at course of flight tests 3/10
1 of "Bor-4" automatic re-entry vehicle

Bor - { Tiles with different sensors:

[T ]

termocouples

Temperature distribution

tile with Temperatures of outer (1) Pressure
sensor and side (2) surfaces




TP AR 8

(continuation)

3/11

Direct measurements :

7; oc l,.,...-a-‘*“*"" ; l
i (i=5i:;~h"“~u$ﬁ\:
IM

600 ""'w"‘*qgr'gn‘ﬂ-m-m
e
30\,

0 sgo 5300 5500 S0 T8
Temperatures
P,
nwnﬁ?
40
20 e
Osm00 5300 5500 5700 7.8

Pressure

Results of solving of I HC P :

gy

AW
T2 a

100

50 —

0

5100 5300 5500 5700 TS

Heat flux

T, C

)

1000

T S SRR _-.-"-"““w‘

|| T— ‘-\"""’h.

600

_j ) \
400
S0 5300 5500 5700 T,S

Temperature of surface




TP AR9: Study of stability of the thermocontrol coating (TCC) of 3/12
1 spacecraft at orbit conditions

Z
A Solar i Orbit
plate with the coating radiation ///

//////’under study

.

plug

J
HH
T
N"—’ﬂ
A
/
x

bolted
/ joint
multi-layer bracket G
wrapper

‘supporting plate

T.K
o] .'l‘
250 |, , 7 i
Sans % By
® %
%i ¥
Assembly of the three specimens 5 \\%. i s
with different coatings 23 ), 7T s

Type of telemetering data of temperature




1 of thermal control coatings

Example 3 : The Diagnostics of radiation characteristics

1/ 15

Radiant flux

N'&‘.""'E" S R e mua-nn‘imxﬂn ATV LT sV iiaddl S
‘FNWW ‘mw:m»mm----—r e ..q.nml:

ti‘f T AT AR e ) OSSR RRR RIPOINES ) sl et e a—\-r_r-mm« e

P T PSSR p— e SR o Ll T e —m.
-_ayr.-—u..wr..-.un-an AR .n» i 3 AL N r—
Sk B

i e

Multi-layer A plate with the
wrapper coating under study

Mounting of a specimen on the

surface of a spacecraft

The unknown quantitieﬂ:

Pv,_. -

;j is a solar radiation integral
absorptivity factor,

{E] is an integral semi-spherical
. emissivity

QS ig a direct solar radiation,

Mathematical model:
Com d'r As[q,s('rh q,,('r)]s»qé(r)e -8, Tr)
ve (0,7, ), Cm=[.‘,,pé,
T(0) = T,
Experimental values of the temperatures:
fly)=Tlr;)+8;,

= IW " gt‘ are measurement errors

‘;Q is a reflected from the Earth solar radiation,

qé is an Earth self-radiation
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TP AR10: Identification of Heat Loads and Friction Moment 3/14
1 of Sliding Bearings

Rotating shaft

v " (steel)

There is sources of heat in the contact
zone (=P < ¥ <% ):

Frame

(steel) ——— :4’ Q(\P,T;) = Q (‘U) at W > 5 rad/s
Bush " —e-

e ﬂr Lid Y;m} 3 %]

teflon E *7 h‘“ Ih-— S -

( : ¢ }&i& e,
Sliding T— ———
contact ——— ~ is determined from IHTP solution
Thermocouple Spesific rate of heat flow:

Scheme of a bearing

where k{. is a friction coefficient:
P is a pressure in sliding
contact;
is a sliding velocity

Friction moment:

N

17 =(,39 m/s ; diameters of the bush: ¢ 32 X¢26 mm
diameter shaft: p 25.5 mm

EXPERIMENT:




TP AR 11: BAn experimental study of the cooling of hot metal 3/16
1 with water jets
water jet
>
P o
w,'C g, xw
a3 sm2

-

-t &

23
e

The cooling of high-temperature steel
strip equipped with temperature sensors

SARRAM

— i\ R
Y \ :

water jets

-
"

thermocouple

Thermal treatment of steam turbine rotors

700

500

300

a2

;_

100
0 004

0,1

a.08 on

Surface temperature and heat
flux at cooling steel strip




Results of determination of the friction moment
( P is a load on rotating shaft )

TP AR10 ( continuation ) 3/15
1
T°C [Myvm ST B
50 2 2000
N ~
120 f_\;‘) 15005
so B 1000}
NN i N
40 so0 |
0 20 40 60 0 Zmin O 20 40 60 80 T.min
— = — values obtained from the solution of the IHTP
direct measuring by the torsion device






